Barnes-Wall and Leech lattice visualization

Define various projection basis

in[-]:- setHVZ16 := {H, V, Z} = Join[#, -Reversee@e#] & /@ &;
setHVZ24 := {H, V, Z} = Join[#, -Reversee#, -#] & /@# &;

TH
in[- = projBW8 = | {Cose#, Sine#, -CoseH} & /@ (— & /@Range[9, 7])/ 2)
8

Out[«]=
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T
in[-]:= projBW16 = ({Cos@n, Sine#, -Cose#} &/@( & /@Range [0, 15])/ 2)

Out[«]=
k4 .4 NE b4 1 1 ./« 1 L4 1 b4
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in[-]:= projBWl1l6a = ({Cos@n, Sine#, -Cose#} & /@ (n— & /@Range[0, 15])/ 2]
16
e 1o Leos(Z) leos(Z) Lcos(2) <= 1 (ﬂ) Tsin(Z)  Lsin(Z) 0 —2sin(Z) -2 sin(Z) -1 sm(ﬂ) —— ! cos(ﬁ) —2 cos(Z) -2 cos(Z
2 cos(16) cos(g) COS( 16) sz 2 M) ) 58I 2 7\ s/ T2 16) “242 2 1 2 s/ T2 16
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in[-]:= projBW24 = ({Cos@n, Sine#, -Cose#} & /@ (? & /@Range|[9, 23])/ 2)
out s 1 1 ks 1 L 1 1 1 L4 1 ks 1 1 b4 1 L 1 L 1 b 1
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il 1- HA430 = PadRight [#, 8] & /@ {Z3a, H3a, V3a}
Oout[«]=
1 0 0 2psin(Z) 0000
0 2¢sin(Z) 2sin(3X) 0 0000
“2gsin(Z) 0 0 1 0000
in[-]:= H43OLR8 = Join[#[ ;; 4T, #[ ;; 41] & /@H430
out[«]=
1 0 0 2<psin(3—”0) 1 0 0 2<psin(3—”0)
0 2¢sin(Z) 2sin(3F) 0 0 2¢sin(Z) 2sin(3) 0
“2gsin(Z) 0 0 I “2gsin(Z) 0 0 1
[~ ]:= H430LR16 = setHVZ16 @H430LRS8
Oout[«]=
1 0 0 2<psin(3—”0) 1 0 0 2<psin(3—”0) —2<psin(3—’;) 0 0 -1 —thsin(3—’;) 0
0 2¢sin(Z) 2sin(3F) 0 0 2¢sin(Z) 2sin(3F) 0 0 ~2sin(3F) ~2¢sin(5) 0 0 ~2sin( 3
“2gsin(Z) 0 0 I “2gsin(Z) 0 0 1 -1 0 0 2psin(Z) -1 0
[~ ]:= H430LR24 = setHVZ24@H430LRS8
out[«]=
1 0 0 2<psin(3—”0) 1 0 0 2<psin(3—”0) —2<psin(3—’;) 0 0 -1 —thsin(3—’;) 0
0 2¢sin(Z) 2sin(3T) 0 0 2¢sin(Z) 2sin(3) 0 0 ~2sin(3F) ~2¢sin() 0 0 ~2sin( 3
“2gsin(Z) 0 0 I “2sin(Z) 0 0 1 -1 0 0 2psin(Z) -1 0

in[-]:= E830OLR8 = e830Proj;

in[-]:= E830LR16 = setHVZ16@E830LR8

Out[«]=
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in[-]:= E830LR24 = setHVZ24@E830LR8

Out[«]=
0 e sin(%) _— sin( ;) o2 sin(3) —Sm(z‘f) Sii%:) @2 sin(3) NP sin(%) + o sin(3) 0 0 NP (—sin(%)) — o sin(
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E830LR2400 = Join[#, zeros] & /@ ES830LR8
Out[+]=
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in[- = E83OLR240 = Join[#, zeros] & /@ E830LR16
Out[«]=
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Define 16D Barnes-Wall lattice coordinates from arXiv:2506.11725v1 (and links therein to data files): Extremal Magic States from Symmetric
Lattices by Misaki Ohta

in[- 1= (% E8 Lattice coordinates - 240,2160,6720, 17520 =x)
in[-]:= (% BW Lattice coordinates - 1 x)
in[- 1= (% BW Lattice coordinates - 2 x)

[~ 1= (% E8421 <X,X22 240 =*)
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27
[~ NeLoge —
19

(*+ MIN=@ )

60 < 4

projBWe8421 = Table[round[#.i], {1, (**)projBW8 (x)H430LR8 (x*)E830LR8%x)}] & /@ (*)e8421xx)E8LatticeCoordinates[1] (**) ;
Lengthe%

Graphics@Point [projBWe8421[All, ;; 2]]

Graphics3D@Point [projBhWe8421]

Out[«]=
0.351398
Out[«]=
240
Out[«]=
240
Out[«]=
. ’ .. % e : c . * . .
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Out[«]=

in[-J:= (% E8341 <X,X24 2160 =*)
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i Te (% MEN=@+M3=Loge? x)

(60 + 480)

% <4
27
NeLoge —
19
projBWe8241 = Table[round [#.1], {i, (*)projBW8xx)H430LR8 (+)E830LR8**)1}] & /@ (*)e8241x)E8LatticeCoordinates[[2] (**);
Lengthe%
Graphics@Point [projBWe8241[All, ;; 2]]
Out[« ]=
540
Out[«]=
2160
Out[«]=
0.351398
Out[«]=
2160
Out[«]=

in[-1= (% Rectified E8;3; <X,X26 6720 x)
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27 9
In[-]:= (% Log@§+Log@§ *)

(960 + 720)
% < 4

projBWe8Rect = Table[round[#.i], {i, (*)projBW8 (**)H430LR8x*x)E830LR8 (x*)}] & /@ (*)e8Rect*x)E8LatticeCoordinates[3] (*=*);
Lengthe%

Graphics@Point [projBwWe8Rect[All, ;; 2]]
Out[«]=

1680

Out[«]=

6720

Out[«]=
6720

in[-= (% E8143 <X,X28 17280 %)
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i 256
In[«]:= (% Mg‘ln=9 + Log@a *)

(3840 +  480)
% < 4
projBWe8142 = Table[round [#.1i], {i, (*)projBW8 (**)H430LR8*x)E830OLR8 (x*)}] & /@ (*)e8142xx)E8LatticeCoordinates[4] (*=*);
Lengthe%
Graphics@Point [projBWe8142[[All, ;; 2]]
out[+]=

4320

Out[«]=

17280

Out[«]=
17520

Out[«]=
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[ 1= (% Bl <X,X24 4320 %)



i - (x MEN=@+MI*=Loge=? 4320 x)
1080 - 4

(%)
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projBW4320 = Table[round[#.i], {i, (**)projBWl6a (*)H430LR16 (x*)E830LR16xx)}] & /@ Flatten[BWLatticeCoordinatesl, 1];

Lengthe%
Graphics@Point [projBW4320[All, ;; 2]]

(*)
Graphics3DePoint [projBwW4320]

Out[«]=
4320

Out[«]=

4320

Out[«]=

[ 1= (% Bl <X,X26 61440 x)

in[-]:= projBW16[ ;; 2]

Out[«]=
sin(¥) 0 -3 sin(%) -

o’ o
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Inf~J:= (% MTX=log@§ *)
15360 < 4

(%*)
projBW61440 = Table[round [#.1i], {i, (**)projBWl6a (x)H430LR16 (+*)E830LR16*x)}] & /@ Flatten[BWLatticeCoordinates2, 1];

Lengthe%
Graphics@Point [projBW61440[All, ;; 2]]
Out[«]=

61440

Out[«]=
61440

Out[«]=

Set up Octonions

m[-1.- setFM@53;
triads

Out[«]=

(I TV e e NN SN 0}
[© RN RN I N Y )

W W N N = = =
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in[- .= fanoPlane
fmDispe
Out[«]=
1 €ne(l-7)
Octonion Fano Plane in 3 forms: | 2 ikl

3 ~lomeng

Out[+]//MatrixForm=

el e e e3 es es e e
er -1 es -—ey e7 —eg
e -1 —-ec €7 e; —es
e3 -1 e e —es —ey
es —es e —-er —1 e —er e
es e, —-e7 —eg —e1 —1 ez e
e —e7 —es es e —e3 —1 e
e7 e es e, —e3 —ex —ep —1

in[- = kirmseClosedSete[1]
out[«]=
€7, €6, €5, €4}
e7, €6, €2, €3}
es, e4, €2, €3}

{e1, =1, e2, e3}
{e1, =1, e4, es}
{e1, =1, e, €7}
{e1, 2, €6, €}
{e1, e2, 5, e7}
{e1, e3, es, €7}
{e1, 3, 5, eg}

—_—— o ——

Define Octonion based E8

in[-]:= OCtN
Out[«]=
{609 €1, €2, €3, €4, €5, €6, 67}

in[-]:- 0s = -Total[octN]* /2

out[«]=
1
—(—ep+e +er+ez+es+es+es+ey)
2

in[-]= OS*
Out[«]=

0240 = Flatten[octonione# & /@ e8List[e8]];

(* Open this cell for the data »)
% // MatrixForm

Build of Kirmse Closed E8 from kirmseClosedSete
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in[-1= (% Pick one ey7.1.7 of 7 possible Kirmse rotations (aka. Maximal orders) and get
16 Dy = 4 2D sign perms x 4 1/r 2D Pauli o triads[1] U(1) position perms %)
octE816Closedl = \/E Sort@FlatteneTable[ {
(* 4 1/r 2D Pauli o triads[1] U(1) position perms =x)
Total[# kirmseClosedSete[[1, 1rQuatIndex, i, ;; 2]],
Total[# kirmseClosedSete[[1, 1rQuatIndex, i, 3 ;;]]1} & /@
(* 4 2D sign perms x)
dn[2] [All, ;; 2],
(* 1lQuat/rQuat on triads[1] =*)
{i, 2}]1 /. s1lRep;
% // MatrixForm

Out[+ ]//MatrixForm=

V2 (e - 1)
V2 (1-ep)
V2 (e - 1)
V2 (e + 1)
V2 ey —e3)
V2 (e - e3)
V2 (e3-e2)
V2 (er+e3)
V2 (—es—es)
\/E (e4 —e5)
V2 (5 —es)
\/5 (e4 +e5)
V2 (-es—e7)
V2 (es—e7)
V2 (e7 - e6)
V2 (es +e7)

(* 224 = 16 4D sign perms x 14 1/r 4D Dirac y quaternion SU(2) position perms =)
octE8224Closedl = Flatten@Table]|

(* 16 sign perms =)

Total[i#] & /@epme4d /. slRep,

(* on 14=7 triad 1lQuat/rQuat position pairs =)

{i, Flatten[kirmseClosedSete[1lrQuatIndex], 1]1}1];

(» Open this cell for the data x)
% // MatrixForm

in[- 1= kirmseClosedE8Setl = {octE816Closedl, octE8224Closedl};
Length /@ kirmseClosedE8Set1
kirmseClosedE81 = Join @@ kirmseClosedE8Set1;

Lengthe%
Out[«]=

{16, 224}
Out[«]=

240

in[- 1= kirmseClosedE81N = oct2List /@ Join [kirmseClosedEssetl[[l]] / «/3, kirmseClosedEBSetl[[Z]]];
in[- 1= (% Kirmse Closed E8 =x)

in[-1.- octE816Closed2 = Flatten@Table[pmi, {i, octN}, {pm, {1, -1}}];
octE8224Closed2 = octE8224Closedl / 2;
kirmseClosedE8Set2 = {octE816Closed2, octE8224Closed2};
Length /@ kirmseClosedE8Set2
e8p = kirmseClosedE82 = Join @@ kirmseClosedE8Set2;
Lengthe%

Out[«]=

{16, 224}

Out[«]=

240
Define Octonion 24D Leech lattice vertices using Journal of Algebra 322 (2009) 2186-2190:0ctonions and the Leech lattice by Robert A. Wilson

Applying the above symmetries it follows at once that A contains the following 196560 vectors
of norm 4, where A is a root of L and j,k € | = {%£i; |t € PL(7)}, and all permutations of the three
coordinates are allowed:

(21,0, 0) Number: 3 x 240 = 720, g
(25, £(25)j.0) Number: 3 x 240 x 16 = 11520,
((rs)j, £Ak, =(xj)k) Number: 3 x 240 x 16 x 16=184320.

In[- = 3240 (1+16+162)

Out[«]=

196 560



n[- 1= AD720 = Flatten[simplify /@ (2 {{#, O#, O}, {OH, &, O}, {0, OH, #}}) & /@20240, 1];

Lengthe%
%% ;5 101
Out[«]=
720
Out[«]=
—61—e2—€3—€4—65—€6—€7—1 0 0
0 —61—62—63—64—85—66—67—1 0
0 0 —e1—ey—e3—es—e5—¢eg—e7— 1
61—62—63—64—65—66—e7+1 0 0
0 el—ey—e3—es—es—eg—ej+ 1 0
0 0 ej—ey—e3—es—es—eg—ej+ 1
—e+ey—e3—es—es—eg—e7+ 1 0 0
0 —e1+ey—e3—es—es—eg—e7+ 1 0
0 0 —e1tey—e3—es—es—eg—e7+ 1
—e1—eytez—es—es—eg—e7+ 1 0 0
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in[- )= AD011520 = Flatten[Table[simplify /@ ({{#c0Os*, (pm#o0Os*) oj, O#}, {OH, HoOS™, (pmIEoOS*) oj}, {(pmHoOS*) oj, O, #o0S*}}),

{j, octN}, {pm, {1, -1}}] &/@20240, 3];
Lengthe%
%%[ 55 101
Out[«]=

11520
Out[«]=
1 1
E(61+6‘2+€3+€4+€5+€6+67—3) 5(6‘1+€2+6‘3 +e4 +e5 +€6+€7—3)
1
0 E(el+ez+e3+e4+es+66+e7—3)
1
5(€1+€2+63+€4+€5+€6+€7—3) 0
1 1
E(61+€2+€3+€4+€5+€6+e7—3) 5(—81 —62—63—64—65—86—€7+3)
1
0 5(6’1+62+6’3+6’4+€5+€6+€7—3)
1
E(—61—62—63—64—65—66—€7+3) 0
1 1
E(el+ez+e3+e4+e5+e6+e7—3) 5(—361+62—€3 +e4—85+€6—€7—1)

1
0 5(6‘1+€2+€3+€4+€5+€(,+€7—3)

1
E(—361+ez—e3+e4—e5+e6—e7—l) 0

1 1
5 (61+€2+€3+e4+€5+66+€7—3) E(361—€2+€3—€4+€5—€6+€7+1)

in[-]:= AD184320 = Flatten[Table[simplify /@

0
1
E(el +er+e3testestes+er—3)
1
E(61+L’2+€3+€4+6‘5+66+€7—3)
0

1
Scei—ex-e3—ey—es—eg—e7+3)
1
E(61+62+€3+6’4+€5+66+€7—3)
0
1
E(—3€1 +e)—e3+e4—es+eqg—e7— 1)
1
E(e1+ez+e3+e4+e5+e(,+e7—3)

0

({{(#o0s) o], pmlttok, pm2 (#03j) ok}, {pm2 (#oj) ok, (#00s)oj, pmlsok}, {pmltok, pm2 (#03j) ok, (#o0s)°j}}),
{j, octN}, {k, octN}, {pml, {1, -1}}, {pm2, {1, -1}}] & /@ 10240, 5];

Lengthe%
%% 55 101
Out[«]=
184320
Out[«]=
1 1
2 Slei—e-ea—e—es—e—er—1) J(-ei—ex—e3—eq—es—eg—er— 1)
1 1
Sei—er-e3—ey—es—es—e7-1) 2 Ser—er-e3—ey—es—es—e7—1)
1 1
se-e-—e—e—es—eg—e7-1) J(-e1-ex-e3—es—es—eg—e7-1) 2
1 1
2 E(—61—82—63—64—65—66—67—1) 5(€1+82+63+€4+65+e6+67+1)
1 1
E(€1+62+63+e4+65+66+67+1) 2 E(—61—62—6’3—6’4—65—6(,—6‘7—1)
1 1
E(—61—62—63—64—65—66—67—1) E(€1+€2+€3+€4+€5+€6+€7+1) 2
1 1
2 E(el+e2+e3+e4+e5+e6+e7+l) E(—81—62—63—6’4—65—66—67—1)

1
E(—e‘]—6‘2—6’3—64—65—6()—6‘7—1) 2

1 1
E(el +er+e3testestegt+er+1) 5(—61 —ey—e3—es—es—eg—e7— 1)

1
2 E(€1+€2+€3+€4+€5+€6+€7+1)

il 1= AO = Join[AD720, A011520, A0184320];
Lengthe%

Out[«]=
196 560

(» Open this cell for the data x)
A24D = Flatten[oct2Listes & /@#] & /@ AD;

1
5(61 +e)+e3+eq+es+eqgter+ 1)

1
5(61 +e)tes +€4+€5+66+€7+1)

2

proja24Dee = Table[round[#.i], {i, (*)projBW24+x)E830LR2400 (*)H430LR24++)}] & /@ A24D;

Graphics@Point [projAa24DOo[All, ;; 2]1
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out[«]
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in[- .- Graphics3D@Point [projA24De0]

Out[«]=
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(» Same as above, only rotated to show the ortho8 H4 basis using the 3rd Z basis vector x)
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in[-]:= projA24D = Table[round[#.1], {i, (*)projBW24x*)E830LR24 (*)H430LR24xx)}] & /@ A24D;
Graphics@Point [projAa24D[All, ;; 2]1]

Graphics3D@Point [proja24D]
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Oout[«]=
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Out[«]=
/|

s g
3”“-’8'

., e .“ ““

proja24D = Table[round [#.1i], {i, (*)projBW24 (%x)E830LR24%*)H430LR24 (+*)}] & /@ A24D;

Graphics@Point [projAa24D[All, ;; 2]1]
Graphics3D@Point [proja24D]
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Barnes-Wall_and_Leech

out[«]
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Out[«]=

Seete, sestete

Define Octonion 16D Barnes-Wall lattice vertices using arXiv:hep-th/9501007v1: E8 Lattice to A16 by Geoffrey Dixon

Define

(£ea)

{(xeqa ey te.xeq)/2:a,b,c,ddistinct, eq(ep(eceq)) = £1},
(11)

a,b,e,de {0,...,7T}.
These 16 4 14 x 16 = 240 elements of the unit octonion 7-sphere form the inner
shell of an Ey lattice, which, like D} is closed under multiplication [5].
(12)

Define
Eg = {: (:tc_a +ep) @ a,b distinct }
U {z(X._0*€s) : odd number of +s},

0 b3 | s

These 112+128 = 240 elements of the octonion 7-sphere of radius 1/v/2 also form
the inner shell of an Eg lattice, which, like D is not closed under multiplication.
(The effect of my choice of octonion multiplication in (10) is in the definition of

E; : there are choices that would require "odd number of +’s” to be changed
to "even number of +’s” in (12):; this would not change the order of that set,

which would still be 128.)
From these two sets we can construct the inner shell of the 16-dimensional

A lattice. In particular,
U0=> <0,V > UVeE]} (2 x 240 = 480 elements)
LV >: UVeE;, UVl =+e,} (16 x 240 = 3840 elements)

(13)

A

.“ \‘

{
U {-

in[-]:= e8m = simplify [10240 /2] ;
in[-]:- e8pa = octE816Closed2 | Flatten[perms[#, "None"] & /@
Select[Subsets[octN, {4}], #[1] o (#[2] o (#[3] o#[4T)) == 1 || #I1] o (#[2] © (#[3] © #[4])

Lengthe%

Out[«]=

240

'1&]) 1]/23



in[-].- BWO48@a = Flatten[{{#, 0#}, {0
Lengthe%
BWO480a[ ;; 10]

Out[«]=

480
Out[«]=
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e 0
0 e

in[- - BWO3840a = Select[Flatten[Table[{i, j}, {i, e8m}, {j, e8m}], 17,

octE816Closed2
MemberqQ [ _

Lengthe%
BWO3840a[ ;; 10]

Out[«]=

3840

Out[«]=
(~e1—ex—e3—es—es—eg—e7— 1)

(—e1—ex—e3—es—es—eg—e7— 1)
(~ej—ex—e3—es—es—eg—e7— 1)
(—e1—ex—e3—eq4—es—eg—e7— 1)
(—e1—ex—e3—es—es—eg—e7— 1)
(~e1—ex—e3—es—es—eg—e7— 1)
(—e1—ex—e3—eq4—es—eg—e7— 1)
(—e1—ery—e3—es—es—eg—e7— 1)

(-e1—ex—e3—es—es—eg—e7— 1)

(-e1—ex—e3—es—es—eg—e7— 1)

N e N - L N e N e A e N e - Ll L N

#, #}} &/@e8p, 1];

/. eq—1, -8[1] on[[Z]]*] &];

1

JCe—e-e-e-es—e—er—1)
(e1+ey+e3—es—es—eqg—e7+ 1)
(1 —ex—e3+es+es—eg—e7+ 1)

(e1—ex—e3—es—es+eg+er+ 1)

BN e N N N

(—€1+€2—€3+€4—€5+66—67+1)
(—e1+ey—e3—es+tes—eg+er+ 1)
(—ey —€2+€3+€4—65—65+6’7+1)

(—e1—ex+e3—eg+es+eg—er+ 1)

N e N N N . L

1
Z(el+e2—e3+e4—e5—e6+e7—l)

1
2(61 +e)—e3—e4+es+eq—e7— 1)

in[- = BWOa = Join [BWO480a, BWO3840a] ;

Lengthe%

Out[«]=

480

In[+ ]:=

(* Open this cell for the data x)
BW16Da = Flatten[oct2Liste# & /@ #] & /@ BWDa;

projBW16Da = Table[round[#.1], {i, (#%)projBW16a (x)H430LR24%*)}] & /@ BW16Da;

Graphics@Point [projBWl6Da[All, ;; 2]]
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Out[«]=

in[-]:= projBW16D = Table[round[#.i], {i, (**)projBW16 (x)H430LR24xx)}] & /@BW16Da;
Graphics@Point [projBW16D[Al1l, ;; 2]]

Out[«]=
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Set up the visualization of various Barnes-Wall & Leech Lattices
The output

Graphics@callImage

31
FactInt:[ 7 1 ], inc=203
29 1

Iteration=1 Start=0 A(s)=0
inc #=1 p #=1

Iteration=2 Start=29 A(s)=29
inc #=2 p #=204
Iteration=3 Start=53 A(s)=24

inc #=3 p #=407
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vertices= 4320. edges= 0. triality= 0.
clicked= 0. step= 1. area=  0.00
faces= 0. cells= 0. volume= 0.00
in[- .= vertexOverlaps
Out[+]//MatrixForm=
Edges= 0 Vertices= 4320
b # of assigned # of
of vertices vertex visible
overlaps overlapping color vertices
1 240 [ | 240
2 256 [ | 128
14 1792 [ | 128
16 1792 [ | 112
240 240 [ | 1
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