
I n [ ] : = (* Catalan Dual of Λ((111) Great Rhombicosidodecahedron (Disdyakis Triacontahedron) *)

Set up quaternion H3 Coxeter-Dynkin Weyl Orbits W(H3) (Koca)

Koca quaternion coordinate scales (See section 4.5 of  https://arxiv.org/abs/0908.3272)

I n [ ] : = λ1 =

τ+3

5
/. slRep;

η1 =

2 σ+3

3
/. slRep;

I n [ ] : = (* ABC triangle vertices as decagonal,hexagonal and the square great rhombicosidodecahedron face centers *)

A1 = λ1 (-σ ℯ2 + ℯ3) /. slRep;

B1 = η1 (-σ ℯ1 +τ ℯ3) /. slRep;

C1 = ( ℯ1 -σ ℯ2 +τ ℯ3)/2 /. slRep;

I n [ ] : = (* q is a point orthogonal to ABC *)

q1 =  τ ℯ1 -2 σ ℯ2 +τ
3
ℯ3 2 /. slRep;

I n [ ] : = (* q' from q rotated by π/5 around A,

q' is orthogonal to AB'C',

where B' & C' are rotated by π/5 around A *)

q1p =  2 ℯ1 + 5 ℯ2 +(τ+2) ℯ3 2 /. slRep;

I n [ ] : = (* circumradius of the Icosahedron *)

aNorm = FullSimplify@octNorm@A1

N[% /. φωRep]

1/%

Ou t [ ] =
1

5

(1+3 φ)2 1+φ2

φ2

Ou t [ ] = 1.08576

Ou t [ ] = 0.92101

I n [ ] : = (* Icosahedron scaling *)

iNorm = 1/FullSimplify[Norm@{0, 1, 1/φ} /. slRep, Assumptions  φωAssumptions]

N[% /. φωRep]

Ou t [ ] =
1

1+
1

φ2

Ou t [ ] = 0.525731

I n [ ] : = (* circumradius of the Dodecahedron *)

bNorm = FullSimplify@octNorm@B1

N[% /. φωRep]

1/%

Ou t [ ] =
1

3

(-3+2 φ)2 1+φ4

φ2

Ou t [ ] = 1.01841

Ou t [ ] = 0.981926

I n [ ] : = (* Dodecahedron scaling *)

oNorm = 1/FullSimplify@Norm@{1, 1, 1}

N@%;

Ou t [ ] =
1

3

I n [ ] : = (* circumradii of the Icosidodecahedron *)

cNorm = FullSimplify@octNorm@C1

N[% /. φωRep]

Ou t [ ] =
1

2
1+

1

φ2
+φ

2

Ou t [ ] = 1.

Original (incorrectly trying to correct Koca & MTM coordinates  using WP R) Visualization of the Disdyakis Triacontahedron 

     with Icosahedron circumradius=1, 3 iNorm=.9106 scaled Dodecahedron, S=aNorm=.92101 scaled Icosadodecahedron 

3D Polyhedron angles  for the ABC surface triangle AB, BC, AC 

I n [ ] : = FullSimplify[A1⊕B1]

FullSimplify[% /. φωRep]

N@%

ArcCos[%]/°

180-%

DMSList@%

Ou t [ ] =
3+(7-6 φ) φ

φ2
(1+3 φ)2 1+φ2

φ2

(3-2 φ)2 1+φ4

φ2

Ou t [ ] =
1

15-6 5

Ou t [ ] = 0.794654

Ou t [ ] = 37.3774

Ou t [ ] = 142.623

Ou t [ ] = {142, 37, 21.4747}

I n [ ] : = FullSimplify[A1⊕C1]

FullSimplify[% /. φωRep]

N@%

ArcCos[%]/°

180-%

DMSList@%

Ou t [ ] =

(1+3 φ) 1+φ3

φ2
(1+3 φ)2 1+φ2

φ2
1+

1

φ2
+φ2

Ou t [ ] =
1

10
5+ 5 

Ou t [ ] = 0.850651

Ou t [ ] = 31.7175

Ou t [ ] = 148.283

Ou t [ ] = {148, 16, 57.0921}

I n [ ] : = FullSimplify[B1⊕C1]

FullSimplify[% /. φωRep]

N@%

ArcCos[%]/°

180-%

DMSList@%

Ou t [ ] =

3+φ-2 φ2 1+
1

φ2
+φ2

1+φ+φ2
(3-2 φ)2 1+φ4

φ2

Ou t [ ] =
1

6
3+ 5 

Ou t [ ] = 0.934172

Ou t [ ] = 20.9052

Ou t [ ] = 159.095

Ou t [ ] = {159, 5, 41.4332}

2D Polygon angles for the ABC surface triangle for dtVertexListKoca

MTM Disdyakis Triacontahedron coordinates  & visualization (uses scaled up and rotated original Koca visualization coordinates)

MTM Norms are precisely the same as the Koca Norms 

Koca Dihedral angle and AB, BC, AC angles from origin

I n [ ] : = Graphics3D(*)Opacity@.6,grPoly,**)

Opacity@.6, dtPolyKoca,

Opacity@1, PointSize[.02],

(* Primary reference point A *)

Black, {Point@# , Line[{{0, 0, 0}, #}]} &@N
oct2ImQuat@A1

bNorm
/. φωRep /. slRep,

(* Primary reference point B *)

Red, {Point@# , Line[{{0, 0, 0}, #}]} &@N
oct2ImQuat@B1

bNorm
/. φωRep /. slRep,

(* Primary reference point C *)

Green, {Point@# , Line[{{0, 0, 0}, #}]} &@N
oct2ImQuat@C1

bNorm
/. φωRep /. slRep,

(* Orthogonal reference point orthogonal to primary triangle face q *)

Blue, {Point@# , Line[{{0, 0, 0}, #}]} &@N
oct2ImQuat@q1

2
/. φωRep,

(* Dihedral angle via the π/5 rotation of q to q' *)

Magenta, {Point@# , Line[{{0, 0, 0}, #}]} &@N
oct2ImQuat@q1p

2
/. φωRep,

Orange, {Point@# , Line[{{0, 0, 0}, #}]} &/@N[abc3DVerts /. φωRep]

Ou t [ ] =

I n [ ] : = (* Dihedral angle via the π/5 rotation of q to q' *)

FullSimplify[q1⊕q1p]

FullSimplify[% /. φωRep]

N@%

ArcCos[%]/°

180-%

DMSList@%

θ = %% °

Ou t [ ] =

1+2 φ+φ3 + 5 φ5

13+
1

φ2
+

4

φ

φ4
1

φ6
+

1

φ2
+4 φ2

Ou t [ ] =
1

241
179+24 5 

Ou t [ ] = 0.965418

Ou t [ ] = 15.1121

Ou t [ ] = 164.888

Ou t [ ] = {164, 53, 16.4109}

Ou t [ ] = 2.87784

Visualization of  the (spherical single hull form) Disdyakis Triacontahedron with circumradius=1 

2D Polygon angles for the ABC surface triangle for dtSphereVerts

WP R  & S scale factor(s) 

Document the DMC Cooey Disdyakis Triacontahedron coordinates

Visualize of the  Disdyakis Triacontahedron 

    with Icosahedron circumradius=1, bNorm

aNorm
= .9378 scaled Dodecahedron, S=aNorm=.92101 scaled Icosadodecahedron

I n [ ] : = DisdyakisTriacontahedronRS = FullSimplifyJoin

(* 62=32+30=12+20+30 Norms *)

(* Unit scaled Icosahedron (12) **)

(* Scales 10 valent **)

{"H3", 2 iNorm {0, 0, 1}},

(* Dodecahedron (20=Icosahedron (12) + Cube (8)) **)

(* Scales 6 valent **)

(* Icosahedron (12) *)

"H3",
bNorm

aNorm

2

3

{σ, 0, 0} /. slRep,

(* Cube (8) *)

"H3",
bNorm

aNorm

2

3

{1, -1, 1}, "None",

(* Icosidodecahedron (30=Octahedron (6)+Rhombicuboctahedron (24)) **)

(* Scales 4 valent **)

(* Octahedron (6) **)

{"H3", wpNewSscale {0, σ, 0}},

(* Rhombicuboctahedron (24) **)

{"H3", wpNewSscale {-1, τ, σ}} /. slRep, Assumptions  φωAssumptions

dtVertexListRS = oScaleListDo@%;

checkVertices[%, True, True, True, True, False, False]

opacity = .5;

hulls3D@%%%

dtPolyRS = overallHull;

Ou t [ ] = H3, 0, 0,
2 φ

1+φ2

, H3, 

10 φ (-3+2 φ)
1+φ4

1+φ2

3 3 (1+3 φ)

, 0, 0, H3, 

10 (3-2 φ)
1+φ4

1+φ2

3 3 (1+3 φ)

,

10 (-3+2 φ)
1+φ4

1+φ2

3 3 (1+3 φ)

,

10 (3-2 φ)
1+φ4

1+φ2

3 3 (1+3 φ)

, None, H3, 0,
1

11
1+

1

φ2
(-7+6 φ), 0, H3, 

(-7+6 φ) 1+φ2

11 φ2
,

(7-6 φ) 1+φ2

11 φ3
,

1

11
1+

1

φ2
(-7+6 φ)

Ou t [ ] = List length= 62

Symbolic=

1 0,
φ

1+φ2
,

1

1+φ2


2 0,
φ

1+φ2
, -

1

1+φ2


3 0, -
φ

1+φ2
,

1

1+φ2


4 0, -
φ

1+φ2
, -

1

1+φ2


5 
1

1+φ2
, 0,

φ

1+φ2


6 
1

1+φ2
, 0, -

φ

1+φ2


7 -
1

1+φ2
, 0,

φ

1+φ2


8 -
1

1+φ2
, 0, -

φ

1+φ2


9 
φ

1+φ2
,

1

1+φ2
, 0

10 
φ

1+φ2
, -

1

1+φ2
, 0

11 -
φ

1+φ2
,

1

1+φ2
, 0

12 -
φ

1+φ2
, -

1

1+φ2
, 0

13 

5 φ (-3+2 φ)
1+φ4

3+3 φ2

3 (1+3 φ)

, 0,

5 (-3+2 φ)
1+φ4

3+3 φ2

3 φ (1+3 φ)



14 

5 φ (-3+2 φ)
1+φ4

3+3 φ2

3 (1+3 φ)

, 0, -

5 (-3+2 φ)
1+φ4

3+3 φ2

3 φ (1+3 φ)



15 -

5 φ (-3+2 φ)
1+φ4

3+3 φ2

3 (1+3 φ)

, 0,

5 (-3+2 φ)
1+φ4

3+3 φ2

3 φ (1+3 φ)



16 -

5 φ (-3+2 φ)
1+φ4

3+3 φ2

3 (1+3 φ)

, 0, -

5 (-3+2 φ)
1+φ4

3+3 φ2

3 φ (1+3 φ)



17 

5 (-3+2 φ)
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3+3 φ2
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,
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, 0

18 

5 (-3+2 φ)
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, -
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, 0

19 -
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21 0,

5 (-3+2 φ)
1+φ4

3+3 φ2

3 φ (1+3 φ)
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33 0, 0,
(-7+6 φ) 1+φ2

11 φ2


34 0, 0,
(7-6 φ) 1+φ2

11 φ2


35 
(-7+6 φ) 1+φ2

11 φ2
, 0, 0

36 
(7-6 φ) 1+φ2

11 φ2
, 0, 0

37 0,
(-7+6 φ) 1+φ2

11 φ2
, 0

38 0,
(7-6 φ) 1+φ2

11 φ2
, 0

39 
(-7+6 φ) 1+φ2

22 φ2
,

1

22
1+

1

φ2
(-7+6 φ),

(-7+6 φ) -1+φ2 1+φ2

22 φ4
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22 φ2
,

1

22
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(-7+6 φ) -1+φ2 1+φ2

22 φ4


47 
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(7-6 φ) 1+φ2

22 φ2


61 
1

22
1+

1

φ2
(7-6 φ), -
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,
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5 -4+ 5 

1+
1
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3
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5 4- 5 
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1
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3

4
-1+ 5 2
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1
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,
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32 
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2
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,
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1+
1
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-1+ 5 4

3+
3

4
-1+ 5 2
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3
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, -

20 -4+ 5  -1+
1

2
-1+ 5 

1+
1
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3+
3
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-1+ 5 2
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3
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33 0, 0,

4 -7+3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2



34 0, 0,

4 7-3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2



35 

4 -7+3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2

, 0, 0

36 

4 7-3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2

, 0, 0

37 0,

4 -7+3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2

, 0

38 0,

4 7-3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2

, 0

39 

2 -7+3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2

,
1

22
1+

4

-1+ 5 
2

-7+3 -1+ 5 ,

8 -7+3 -1+ 5  -1+
1
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-1+ 5 

2 1+
1

4
-1+ 5 

2

11 -1+ 5 
4



40 

2 -7+3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2

,
1

22
1+

4

-1+ 5 
2

-7+3 -1+ 5 , -

8 -7+3 -1+ 5  -1+
1
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-1+ 5 

2 1+
1

4
-1+ 5 

2

11 -1+ 5 
4



41 

2 -7+3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2

,
1

22
1+

4

-1+ 5 
2

7-3 -1+ 5 ,

8 -7+3 -1+ 5  -1+
1

4
-1+ 5 

2 1+
1

4
-1+ 5 

2

11 -1+ 5 
4



42 

2 -7+3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2

,
1

22
1+

4

-1+ 5 
2

7-3 -1+ 5 , -

8 -7+3 -1+ 5  -1+
1

4
-1+ 5 

2 1+
1

4
-1+ 5 

2

11 -1+ 5 
4



43 

2 7-3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2

,
1

22
1+

4

-1+ 5 
2

-7+3 -1+ 5 ,

8 -7+3 -1+ 5  -1+
1

4
-1+ 5 

2 1+
1

4
-1+ 5 

2

11 -1+ 5 
4



44 

2 7-3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2

,
1

22
1+

4

-1+ 5 
2

-7+3 -1+ 5 , -

8 -7+3 -1+ 5  -1+
1

4
-1+ 5 

2 1+
1

4
-1+ 5 

2

11 -1+ 5 
4



45 

2 7-3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2

,
1

22
1+

4

-1+ 5 
2

7-3 -1+ 5 ,

8 -7+3 -1+ 5  -1+
1

4
-1+ 5 

2 1+
1

4
-1+ 5 

2

11 -1+ 5 
4



46 

2 7-3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2

,
1

22
1+

4

-1+ 5 
2

7-3 -1+ 5 , -

8 -7+3 -1+ 5  -1+
1

4
-1+ 5 

2 1+
1

4
-1+ 5 

2

11 -1+ 5 
4



47 

8 -7+3 -1+ 5  -1+
1

4
-1+ 5 

2 1+
1

4
-1+ 5 

2

11 -1+ 5 
4

,

2 -7+3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2

,
1

22
1+

4

-1+ 5 
2

-7+3 -1+ 5 

48 

8 -7+3 -1+ 5  -1+
1

4
-1+ 5 

2 1+
1

4
-1+ 5 

2

11 -1+ 5 
4

,

2 -7+3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2

,
1

22
1+

4

-1+ 5 
2

7-3 -1+ 5 

49 

8 -7+3 -1+ 5  -1+
1

4
-1+ 5 

2 1+
1

4
-1+ 5 

2

11 -1+ 5 
4

,

2 7-3 -1+ 5  1+
1

4
-1+ 5 

2

11 -1+ 5 
2

,
1

22
1+

4

-1+ 5 
2

-7+3 -1+ 5 

50 

8 -7+3 -1+ 5  -1+
1

4
-1+ 5 

2 1+
1

4
-1+ 5 

2

11 -1+ 5 
4

,

2 7-3 -1+ 5  1+
1

4
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2

11 -1+ 5 
2

,
1
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2
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1
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2 1+
1
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2

11 -1+ 5 
4

,

2 -7+3 -1+ 5  1+
1

4
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2
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2

,
1
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2

-7+3 -1+ 5 
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1
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2 1+
1
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2
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4

,
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1
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2
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2

,
1
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2

7-3 -1+ 5 

53 -

8 -7+3 -1+ 5  -1+
1
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2 1+
1
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2
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4

,
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1

4
-1+ 5 

2
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2

,
1
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-7+3 -1+ 5 
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2 1+
1
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2

11 -1+ 5 
4

,
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1
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2
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2
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1
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2
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4

,
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1
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1+
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2
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1
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4

,
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1
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8 -7+3 -1+ 5  -1+
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4

,
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1
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1

22
1+
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2

7-3 -1+ 5 ,
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1
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4
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1
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1

22
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Numeric =

1 {0., 0.5257, 0.8507}

2 {0., 0.5257, -0.8507}

3 {0., -0.5257, 0.8507}

4 {0., -0.5257, -0.8507}

5 {0.8507, 0., 0.5257}

6 {0.8507, 0., -0.5257}

7 {-0.8507, 0., 0.5257}

8 {-0.8507, 0., -0.5257}

9 {0.5257, 0.8507, 0.}

10 {0.5257, -0.8507, 0.}

11 {-0.5257, 0.8507, 0.}

12 {-0.5257, -0.8507, 0.}

13 {-0.3347, 0., -0.8762}

14 {-0.3347, 0., 0.8762}

15 {0.3347, 0., -0.8762}

16 {0.3347, 0., 0.8762}

17 {-0.8762, -0.3347, 0.}

18 {-0.8762, 0.3347, 0.}

19 {0.8762, -0.3347, 0.}

20 {0.8762, 0.3347, 0.}

21 {0., -0.8762, -0.3347}

22 {0., -0.8762, 0.3347}

23 {0., 0.8762, -0.3347}

24 {0., 0.8762, 0.3347}

25 {0.5415, 0.5415, 0.5415}

26 {0.5415, 0.5415, -0.5415}

27 {0.5415, -0.5415, 0.5415}

28 {0.5415, -0.5415, -0.5415}

29 {-0.5415, 0.5415, 0.5415}

30 {-0.5415, 0.5415, -0.5415}

31 {-0.5415, -0.5415, 0.5415}

32 {-0.5415, -0.5415, -0.5415}

33 {0., 0., -0.921}

34 {0., 0., 0.921}

35 {-0.921, 0., 0.}

36 {0.921, 0., 0.}

37 {0., -0.921, 0.}

38 {0., 0.921, 0.}

39 {-0.4605, -0.2846, 0.7451}

40 {-0.4605, -0.2846, -0.7451}

41 {-0.4605, 0.2846, 0.7451}

42 {-0.4605, 0.2846, -0.7451}

43 {0.4605, -0.2846, 0.7451}

44 {0.4605, -0.2846, -0.7451}

45 {0.4605, 0.2846, 0.7451}

46 {0.4605, 0.2846, -0.7451}

47 {0.7451, -0.4605, -0.2846}

48 {0.7451, -0.4605, 0.2846}

49 {0.7451, 0.4605, -0.2846}

50 {0.7451, 0.4605, 0.2846}

51 {-0.7451, -0.4605, -0.2846}

52 {-0.7451, -0.4605, 0.2846}

53 {-0.7451, 0.4605, -0.2846}

54 {-0.7451, 0.4605, 0.2846}

55 {-0.2846, 0.7451, -0.4605}

56 {-0.2846, 0.7451, 0.4605}

57 {-0.2846, -0.7451, -0.4605}

58 {-0.2846, -0.7451, 0.4605}

59 {0.2846, 0.7451, -0.4605}

60 {0.2846, 0.7451, 0.4605}

61 {0.2846, -0.7451, -0.4605}

62 {0.2846, -0.7451, 0.4605}

Ou t [ ] = tallyList={30, 20, 12}

Hull # = 1

with 30 vertices

of 3D Norm =
(7-6 φ) 1+φ2

11 φ2

=
1

11
5 25-2 5 

= 0.921

Vertex #'s = {1, 30}

Hull # = 2

with 20 vertices

of 3D Norm =
5 (3-2 φ) φ

3 (1+3 φ) 1+φ2

=
5

3
5-2 5 

= 0.938

Vertex #'s = {31, 50}

Hull # = 3

with 12 vertices

of 3D Norm = 1

= 1

= 1.

Vertex #'s = {51, 62}

Combined Hulls=

Overall Hull=

Visualize the new RS scaled (and DMC Cooey) 

   with Icosahedron circumradius=1,  R ( 3 wpNewRscale= bNorm

aNorm
= .9378) scaled Dodecahedron & S=aNorm=.92101 scaled Icosadodecahedron

2D Polygon angles for the ABC surface triangle for dtVertexListRS

Angles of AB, BC, and AC projected to the XY plane (changing the triangle shape)

Visualize the Great Rhombicosidodecahedron with circumradius=1

Get the 10 valent verts ,  create a Polygon and get the centroid which must be a Disdyakis Triacontahedron vertex

Get the 6 valent verts,  create a Polygon and get the centroid which must be a Disdyakis Triacontahedron vertex

Get the 4 valent verts,  create a Polygon and get the centroid which must be a Disdyakis Triacontahedron vertex

Create the Disdyakis Triacontahedron ABC Polygon from the  centroids

Verify the ABC angles against the three equations linking each plane angle to the dihedral

Sin[θ/2]= Cos[π /p]

Cosαp2
,

Sin[θ/2]= Cos[π /q]

Cosαq2
,

Sin[θ/2]= Cos[π /r]

Cos[αr /2]
,

Where p, q, r are 4, 6, and 10 in some order, θ is the dihedral, and the fourth equation is that the sum of the three alphas should be 180 degrees.

I n [ ] : = (* Sin of the Dihedral half angle *)

N[Sin[θ/2]]/°

Ou t [ ] = 56.7983

I n [ ] : =
Cos[π/#〚1〛]

Cos[#〚2〛/2]
 ° &/@N[{{10, aAngle}, {6, bAngle}, {4, cAngle}} /. φωRep /. slRep]

Ou t [ ] = {56.7983, 56.7983, 56.7982}


