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Previously, a determination of the relationship between the Natural numbers (N) and the n’th
odd fibbinary number has been made using a relationship with the Golden ratio ¢ = (\/5—}— 1)/2 and
T = 1/¢. Specifically, if the n’th odd fibbinary equates to the j’th N, then j = |n¢?| — 1. This note
documents the completion of the relationship for the even fibbinary numbers, such that if the n’th
even fibbinary equates to the j’th N, then j = |n¢] — 1, starting at j = 0 for n = 1. Alternatively,
starting at j = 2 for n = 1, then j = |n¢ + 7.

PACS numbers: 02.10.0x
Keywords: Combinatorics

I. INTRODUCTION

For an introduction to the topic, please reference [1], [2] and [3].

II. VERIFICATON FOR ODD AND EVEN FIBBINARY NUMBERS

Fig. 1 shows the related elements of the odd fibbinaries and Fig. 2 shows the related elements of the even fibbinaries.
These involve the conversions between the decimal, binary, and Gray codes, along with the numeric and symbolic
MacM ahongraph compositions. The tables list row elements for j = N < 98 for odd n < 38 and j = N < 100 for
even n < 63.

It is interesting to note that like the approximation of the ratio of two consecutive Fibonacci numbers F,,/F,,_1 to
the Golden ratio, the ratio of the length of the even vs. odd list of n’s will approximate ¢ as n — oo as well, as it
should given the ratio of ¢ in the structure of their respective functions.

The Mathematica™™ code used to create the tables below also confirms the relationships and patterns from [1].
Fig. 3 shows some example outputs for these functions. Fig. 4 show some code snippets used in this analysis.

III. CONCLUSION

While the proof of the even fibbinary numbers sequence is not yet formulated in this quick note, the symmetry
of the pattern compared to the odd fibbinary numbers combined with the confirmation for n to several million is
reassuring.
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graylLen = 11j;

oddFib = {}; n = @; Do[nfibi = nFib@i; If[OddQ@nfibi, n++; AppendTo[oddFib, () If[PrimeQei,style[u,Red] ,u]&/@xx) {

i, Floor[n (¢ + 1) - 1], zeckendorf@i, nfex & /@ zeckendorf@i, n, nfibi,

baseForm[nfibi, graylLen], decToCompCount [nfibi, graylen],

grayCode@nfibi, baseForm[grayCode@nfibi, graylLen] , decToCompCount [grayCode@nfibi, graylLen]
111, i, @, 180}]1;

Join[{Text[Style[=, Bold]] & /@ [™\nN", ™ j=N=\n|n#?]-1", “Zeckendorf\n (N}™, "Fib\n (N}", "n",

" nth Odd\nFibBinary™, "nFib\nBin", "Composition\n Bimary {1,2}",
" nFib\nGray”, ™  nFib\nGray Bin", "Composition\n GrayCode"}}, oddFib]

j=N= Zeckendorf Fiby n nth Odd nFib Composition nFib nFib Composition
N ng¢®j-1 (N} (N) FibBinary Bin Binary {1,2} Gray Gray Bin GrayCode
1 1 {1} 2} 1 1 00000000001, f1.1,1.10,1,10,1,1, 1,2} 1 00000000001, {1.1,1.1,1.1,1,1, 1,2}
4 4 {3, 1} 4.2} 2 5 00000000101 f1,0.1,1,1,1,1,2,2} 7 000000001113 fL1,1,0,1, 1,1, 4}
6 6 {3, 1} {3, 2} 3 9 00000001001, §1,1,1.1,1.1,2, 1,2} 13 00000001101, f1,1,1,1.1,1,3,2}
9 2 8, 1} {6, 2} 4 17 00000010001  f1,0.1,1,1,2.1, 1,2} 25 000000110015 f1,1,1,1,1,3,1, 2}
12 12 {8, 3, 1} {6, 4,2} 5 21 00000010101, f1,1,1,1,1,2,2, 2} 31 000000111115 {1,1,1,1, 1, 6}
14 14 {13, 1} {7, 2} 6 33 00000100001,  f1,1,1.10,2.1,1, 1,2} 49 00000110001, f1,1,1,1,3,1,1,2}
17 17 {13, 3, 1} {7.4, 2} 7 37 00000100101, f1,1,1,1,2, 1,2, 2} 35 000001101117 {1,1,1,1,3 4}
19 19 {13, 5,1} {7.5.2} 8 41 00000101001, {1,1,1,1,2,2,1, 2} 61 00000111101, {1.1,1,1,5, 2}
22 2 21, 1} {8, 2} 9 63 00001000001, §1,1,1.2,1.1,1, 1,2} 97 00001100001, f,1,1,5.1,1,1,2}
23 25 21,3, 1} {8, 4. 2} 10 69 00001000101, f1,1,1,2,1,1,2, 2} 103 00001100111, {1,1,1,3, 1,4}
27 27 {21, 5, 1} {8, 5.2} 11 73 00001001001, {1,1,1,2,1,2, 1,2} 109 00001101101, {1,1,1,3 3,2}
30 30 {21, 8, 1} {8, 6. 2} 12 81 00001010001, {1,1,1,2,2,1,1,2} 121 00001111001, {1.,1,1,5,1,2}
33 33 21,8 3,1} [8.6,4 2y 13 85 00001010101, f1,1,1,2.2,2,2} 127 00001111111, f1,1,1, 8}
35 33 {34, 1} {9, 2} 14 129 00010000001, §1,1,2.1,1.1,1, 1,2} 193 00011000001, f1,1,3,1.1,1,1, 2}
38 38 34,3, 1} 9. 4.2} 15 133 00010000101, f1,1.2,1,1,1,2, 2} 199 000110001114 {1,1,3, 1,1, 4}
40 40 {34, 5, 1} 0.3, 2} 16 137 00010001001, {1,1,2,1,1,2,1, 2} 205 00011001101, {1,1,3, 1,32}
43 43 {34, 8, 1} {9, 6. 2} 17 145 00010010001, {1,1.2,1,2,1,1, 2} 217 00011011001, {1,1,3,3, 1,2}
46 46 {34, 8,3, 1} [@.6,4 2} 18 140 00010010101, f1,1,2,1,2,2,2} 223 00011011111, {1, 1,3, 6}
48 48 (34,13, 1} 0.7, 2} 12 161 00010100001, {1,1,2,2.1,1,1, 2} 241 00011110001, {1,1,5,1,1,2}
31 31 {34, 13,3, 1} 9,7.42} 20 165 00010100101, {1,1,2,2,1,2,2} 247 000111101114 {1,1,5, 4}
33 53 {34,153, 5, 1} f0.7,5,2y 21 169 00010101001, f1,1,2,2.2, 1,2} 253 00011111101, {1,1,7,2}
36 36 {33, 1} {10, 2} 22 257 001000000012  §1.,2,1.1,1,1,1, 1,2} 385 001100000017 f1,3.1,1,1,1,1, 2}
39 39 {33,353, 1} {10, 4,2} 23 261 00100000101, {1,2.1,1,1,1,2,2} 391 001100001114 {1.3,1,1,1, 4}
61 61 {35, 5, 1} f10.5,2} 24 2635 00100001001, {1,2,1,1,1,2,1, 2} 397 00110001101, {1,3,1,1,3 2}
64 64 {33, 8,1} {10,6,2} 23 273 00100010001, {1,2.1,1,2,1,1,2} 409 001100110014 {1,3,1,3, 1,2}
67 67 {33,8.3, 1} {10, 6. 4,2} 26 21 00100010101, f1,2.1,1,2,2, 2} 415 001100111114 {1,3.1, 6}
69 69 35,13, 1} fio. 7.2} 27 280 00100100001, {1,2,1,2. 1,1, 1, 2} 433 00110110001, {1,3,3,1, 1,2}
72 72 {33, 13,3, 1} {10, 7. 4,2} 28 283 00100100101, f1,2.1,2,1,2,2} 439 001101101114 {1,3,.3, 4}
74 74 {33,135, 1} {10, 7.5, 2} 29 297 00100101001, f1,2.1,2,2,1,2} 445 001101111014 {1,3,5,2}
77 17 35,21, 1} f10. 8,2} 30 321 00101000001, {1,2,2,1,1,1,1, 2} 481 00111100001, {1,5,1,1, 1,2}
20 80 {33,21,3, 1} {10.8. 4,2} 3 325 00101000101, {1,2.2,1,1,2,2} 487 001111001114 1,3, 1, 4}
82 82 {35,201, 5,1y {10.8.5 2} 32 320 00101001001, 1,2,2,1,2, 1,2} 493 00111101101, {1,5,3,2}
83 83 {33, 21, 8, 1} {10, 8. 6,2} 33 337 001010100012 1,222, 1,1, 2} 305 001111110013 {1,7.1, 2}
38 88 {33,21. 8,3, 1} {10.8,6.4,2} 34 341 00101010101, 1,2,2.2,2,2} 311 001111111114 {1, 10}
20 20 {821} {11, 2} 33 513 01000000001; §2,1.1, 1,1, 1,1, 1,2} 760 011000000013 (3.1,1,0,1, 1,1, 2}
a3 a3 {89 3,1} f11, 4.2} 36 317 01000000101, 2,1.1,1,1,1,2, 2} 7715 011000001114 (3.1,1,1,1, 4}
95 a3 {89, 5, 1} f11,5,2} 37 21 01000001001, 2,1,1,1,1,2, 1,2} 781 011000011014 {3.1,1,1,3,2}
23 a8 {808, 1} f11.6,2} 38 520 01000010001, 2,1,1,1,2, 1,1, 2} 793 01100011001, {3, 1,1,3, 1,2}

FIG. 1: Comprehensive list of odd fibbinary related elements for j = N < 98 for odd n < 38




evenFib = {}; n = @; Do[nfibi = nFib&2i; If [EvenQ@nfibi, n++; AppendTo[evenFib, (=) If[PrimeQei,style[u,Red] ,u]&/ @xx) {
iy Floor[ng - 1], zeckendorf@i, nf@x & /@ zeckendorf@i, n, nfibi,
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nFib Composition

Bin Binary {1,2}
00000000000, {1,1,1,1,1, 1,0, 1,1, 1, 1}
00000000010,  {1.1,0.0,1,1,1,1,2, 1}
00000000100,  {1.1,0.0,1,1, 1,2, 1, 1}
00000001000,  {1.1,0.0,1,1,2,1,1, 1}
00000001010, fL,1,1,1,1,1,2,2, 1}
00000010000,  {1.1,0.10,1,2, 1,1, 1, 1}
00000010010, f1,1,1,1,1,2,1,2, 1}
00000010100, f,1,1,1,1,2,2, 1,1}
00000100000, {1.1,1.10,2,1,1,1,1, 1}
00000100010, fL,1,1,1,2,1,1,2, 1}
00000100100, L1, 1,2, 1,2, 1,1}
00000101000, f,1,1,1,2,2,1, 1,1}
00000101010, f1,1.1,1,2,2,2. 1}
00001000000, {1.1,1.2,1,1,1,1,1, 1}
00001000010, {1, 1,12 1,1, 1,2, 1}
00001000100, {1, 1,12 11,2, 1.1}
00001001000, {11, L2 12 1 1 1}
000010010104 f1,1.1,2,1,2,2. 1}
00001010000, f1,1,1,2,2, 1,1, 1, 1}
000010100104 f1,1.1,2,2,1,2. 1}
00001010100, 1,1.1,2,2,2,1. 1}
00010000000, {1.1,2.1,1,1,1,1,1, 1}
00010000010, f1,1.2,1,1,1,1,2, 1}
00010000100, {1, 1,2, L 1 1.2, 1.1}
00010001000, {1, 1,2, L 12,1, 1, 1}
00010001010, f1,1.2,1,1,2,2. 1}
00010010000, f,1.2, 1,2, 1,1, 1,1}
000100100104 f1,1.2,1,2,1,2. 1}
00010010100, f1,1.2,1,2,2, 1. 1}
00010100000, f1,1,2,2,1,1,1, 1, 1}
00010100010, f1,1.2,2,1,1,2. 1}
00010100100, f1,1.2,2, 1,2, 1, 1}
00010101000, f1,1.2,2.2. 1,1, 1}
000101010104 {1,1,2,2.2,2, 1}
00100000000, {1.2,1.1,1,1,1,1,1, 1}
00100000010, f,2,1,1,1,1,1,2, 1}
00100000100, L2, 1,1,1,1,2, 1,1}
00100001000, {1.2, 1. L 1.2 1. 1.1}
001000010104 {1,2.1,1,1,2,2. 1}
00100010000, L2, 1,1,2,1,1, 1,1}
001000100104 f,2.1,1,2,1,2. 1}
00100010100, {1,2.1,1,2,2, 1,1}
00100100000, f1,2,1,2,1,1,1, 1,1}
00100100010, {1,2.1,2,1,1,2. 1}
00100100100, {1,2.1,2,1,2, 1,1}
00100101000, {1,2.1,2,2, 1,1, 1}
00100101010, {1,2.1,2.2,2, 1}
00101000000, 1,22, 1,1,1,1, 1, 1}
00101000010, {1,2.2,1,1,1,2. 1}
00101000100, {1,2.2,1,1,2, 1,1}
00101001000, {1,2.2,1,2, 1,1, 1}
00101001010, {1,2.2,1.2,2, 1}
00101010000, {1,2.2,2,1,1,1, 1}
00101010010, {1,2.2,2.1,2, 1}
00101010100, {1,2.2,2.2, 1,1}
01000000000, 2.1 11,1, 1,1, 1. 1.1}
01000000010, 2,1,01,1,1,1,1,2, 1}
01000000100, 2,11, 1,1,1,2, 1,1}
01000001000, 2,1,01,1,1,2,1, 1,1}
01000001010, 2,1.1,1,1,2, 2.1}
01000010000, 2,10 1,2, 1,1, 1,1}
01000010010, 2,1.1,1,2, 1,2, 1}
01000010100, 2,1.1,1,2,2,1,1}

nFib\nGray Bin", "Composition\n GrayCode"}}, evenFib]
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FIG. 2: Comprehensive list of even fibbinary related elements for j = N < 100 for even n < 63.
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GoldenRatio
[

Neg
161803

T = 1. / GoldenRatio
0.618034

{1, BaseForm[#, 2], BaseForm[grayCode@&s, 2]} & /& Range [0, 18]
0 0
1, 1,
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AllCompositions@6

6L L 5L G 1L 4L 4 2L L L4 (L 4 1L 4 L1 3 3L (L 2 3L {13, 2L 2. L 3L 2,5, 1L (3. L 2L (3,20 11, {1, L 1, 3L {1 1. 3, 1)

L3 L1 B L L1 2,220 (1L 2,20 (L2 L2 {221 2 L L 2L 2 L2 1 2.2 L1 L L L L2 (L L L2 1L L L2 L1 L2 L L1 2 L L LI {11, 1L 1)
Row {Columne { "Compositions of 6 {1,2}", "Decimal™, "Binary", "Symbolic", "Gray Code: Decimal™, "Gray Code: Binary", "Gray Code: Symbolic"},
MatrixForme {

decToCompCount[#, 6] & /@ allCompToDec@6,
allCompToDec@6,

baseForm[, 6] & /@ allCompToDec@6,

decToComp5Symbol [z, 6] & /@ allCompToDec@6,

grayCode /@ allCompToDec@6,

baseForm[z, 6] & /@ grayCode /@ allCompToDec@6,
decToCompSymbol[#, 6] & /@ grayCode /@ allCompToDec&6} }

Compositions of 6 {12}y [2,2.2} {1,1,2,2} {1,212} (L2221} 2112 21,21 22051 (LLLL2} (L1 L21) L1201 (L2101 L1151 (L1111 1)

Decimal 21 5 9 10 17 18 20 1 2 4 8 16 0
Binary 010101, 000101, 001001, 001010, 010001, 010010, 010100, 000001, 000010, 000100, 001000, 010000, 000000,
Symbolic I__l Il Il Il Il Il [ I I I 0 T O I A (N LIl
Gray Code: Decimal 31 7 13 15 25 27 30 1 3 6 12 4 0
Gray Code: Binary 011111, 000111, 001101, 001111, 011001, 011011, 011110, 000001, 000011, 000110, 001100, 011000, 000000

Gray Code: Symbolic Il ___l | Il | | 111l (| [ — [— (| [

{#, zeckendorf@s, nfex & /@ zeckendorfe s} & /@ Range[89, 100]

80 {89} {11}
90 {891} {11,2}
91 (89,2} {113}
92 (89,3} {114}
93 (89,3, 1} {11, 4,2}
94 (89,5} {115}
95 (89,5, 1} {11,732}
96 {89,352} {11,3,3}
97 (89,8} {116}
98 (89,8, 1} {11, 6,2}
99 (89,8, 2} {11,6,3}
100 {89, 8,3} {11, 6,4}

FIG. 3: Mathematica™ example code output



graylLen = 14;
graySort = Nest[Join[#, Length[#] + Reverse[#]] &, {@}, grayLen] ;
grayCode := graySort[# + 1] &;

<« Combinatorica”
AllCompositions [n_Integer?Positive] := Flatten[DistinctPermutations /@ Partitions([n], 1];

compToDec@in_ := FromDigits[Stringloin[Characters@ToString2in /.

{";"="e"y "1" - Nothing, "2" - "1", "{" = Nothing, "}" -+ Nothing, " " -+ Nothing}], 2];
allComp[n_, & : 2] := Select[AllCompositions@n, Max@xr < kE &];
allCompToDec[n_, k_: 2] := compToDec /@ allComp[n, k] ;

baseForm[in_, n_] := NumberForm[BaseForm[iny 2], 7 - 1, NumberPadding » {"2", "@"}1;
compToBin[in_, n_] := baseForm[compToDec@in, n]j;

allCompToBin[n_, k_: 2] := baseForm[z, n] & /@ allCompToDec [n, k] ;

compToGray[in_, n_] := baseForm[grayCode@compToDec@in, n];

allCompToGray[n_, & : 2] := baseForm[grayCode@&:, n] & /@ allCompToDec [n, k] ;

decToCompSymbol[in_, n_] := StringReplace[
StringDrop[StringReplace [
Stringloin@Characters [ToString[baseForm[in, n] 110 55 Nl
{"a" s "o_",
"1" "1 _"}1,

1],
{"e" ="",
"1" "M}
k = 15;
sub = Subsets@Fibonacci@Range@k;
zeckendorf@n_ := sub[Flatten[Position[+ 7z & @@@ () &@sub, n] 1T 0105

setAttributes [ {nf, zeckendorf}, Listable];

nf@f := Floor[(Log[f+1/2] +Log[5] /2) /Log@GoldenRatio];

nF&{ := Fibonacci@nfe;

zeckendorf [n_Integer?Positive] := -Differences[NestWhilelist[z -nF[z] &, ny, ¥ £ 0 &]]
revieck := nf /@ zeckendorfes &;

nFib@f :=Total[2"° & /@ (nfex & /@ zeckendorfef) |;
binFib := baseForm[nFib&:x, 6] &

FIG. 4: Mathematica™ code snippets
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