
VisibLie_E8

A Theory Of Everything Visualizer
aka. The HyperComplex  HyperDimensional  Polytope X-ray Machine

“Allegorically casting 3D shadows in Plato's  4D CAVE from an E8
3 8D Universe using H4 - the 4D analog of 3D Platonic solids,

 as derived from Pascal's Triangle while trying to understand the Codes of GR/QM and SM physics, Quantum chemistry, 
 and the origins of Life from the genetic phyllotaxis of Fibonacci's sequence” - G. Moxness
 
 “Algebra without geometry is blind, geometry without algebra is dumb” - D. Hestenes
“… both are incomplete and powerless without computation.” - N. Murzin

By Greg Moxness

TheoryOfEverything.org



Three historical (reverse order) forms of the E8 H4 folding matrix :

The current Hermitian, centrosymmetric, traceless (Tr=0), and volume preserving (Det = 1) form with features analyzed in:

1. The_Isomorphism_of_H4_and_E8 https://arxiv.org/abs/2311.01486

2. The_Isomorphism_of_3-Qubit_Hadamards_and_E8  https://arxiv.org/abs/2311.11918

It transforms a (Left 4D) H4 (the 120 vertex 600-cell) into a second scaled (palindromically reversed Right 4D) φH4 copy with a Galois transform φ↔-1/φ. 
Those L+R (now 8D) are palindromically reversed and combined into 240 vertices by H4

2=H4 L+R+φH4 L+R that give you back E8 upon rotation (folding/unfolding) by U-1.

In[5313]:=

octSym[Det1];

(* Show: Matrix Plot, RowReduced, Eigensystem, Jordon, Schur, QR, Cholesky *)

matCheck[%, True(**), True, True, True, True, True, True, True (**)]

Out[5314]=

Symbolic Form:
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Matrix Plot:

Row Reduced Form:
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
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Eigen Vars/Vecs:


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
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Schur Decomposition:
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QR Decomposition:


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Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

In[5315]:=

inN@Det@Det1

octsym@Tr@Det1

Out[5315]=

1
256

- 64

φ9
+ 64

φ3
 φ6

1.

Out[5316]=

0.

In[5317]:=

RotateRight /@ octSym /@ Eigensystem@Det1;

inN@%〚1〛

MatrixFormRationalize /@ %%〚2〛

Out[5318]=

 1

φ
, - 1

φ
, - 1

φ
, 1

φ
, - φ , φ , φ , - φ 

{0.786151, -0.786151, -0.786151, 0.786151, -1.27202, 1.27202, 1.27202, -1.27202}

Out[5319]//MatrixForm=

-1 0 0 0 0 0 0 1
0 -1 0 0 1 1 0 0
0 0 -1 -1 -1 1 0 0
0 0 -1 1 0 0 1 0
0 0 1 -1 0 0 1 0
0 0 1 1 -1 1 0 0
0 1 0 0 1 1 0 0
1 0 0 0 0 0 0 1

Det1 = Det1-1 by swapping (non - outside corner) φ ↔
1

φ
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In[5320]:=

octSym@Inverse@Det1 // MatrixForm

Out[5320]//MatrixForm=
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Det12 as the Dot product forms diagonal Cartan-like matrix of this folding matrix  Det1.Det1:

In[5321]:=

octSym[Det1.Det1];

(* Show: Matrix Plot, RowReduced, Eigensystem, Jordon, Schur, QR, Cholesky *)

matCheck[%, True(**), True, True, True, True, True, True, True (**)]

Out[5322]=

Symbolic Form:
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Matrix Plot:

Row Reduced Form:
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
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Eigen Vars/Vecs:


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

Jordan Decomposition:
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

Schur Decomposition:


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QR Decomposition:



-0.912871 0 0 0 0 0 0 - 1

6

0 -0.912871 0 0 0 0 - 1

6
0

0 0 -0.912871 0 0 - 1

6
0 0

0 0 0 -0.912871 - 1

6
0 0 0

0 0 0 - 1

6
0.91287 0 0 0

0 0 - 1

6
0 0 0.91287 0 0

0 - 1

6
0 0 0 0 0.91287 0

- 1

6
0 0 0 0 0 0 0.91287

,

- 3
2

0 0 0 0 0 0 -0.912871

0 - 3
2

0 0 0 0 -0.912871 0

0 0 - 3
2

0 0 -0.912871 0 0

0 0 0 - 3
2

-0.912871 0 0 0

0 0 0 0 2
3

0 0 0

0 0 0 0 0 2
3

0 0

0 0 0 0 0 0 2
3

0

0 0 0 0 0 0 0 2
3



6     FoldingMatrixHistory-1a.nb



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]
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An older (but easier to read symbolically) Det≠1 form:

This is just an unscaled version of the current Det1...

In[5323]:=

Det1f

Det1  /% // MatrixForm

Out[5323]=

2
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φ

Out[5324]//MatrixForm=

True

In[5325]:=

;

(* Show: Matrix Plot, RowReduced, Eigensystem, Jordon, Schur, QR, Cholesky *)

matCheck[%, True(**), True, True, True, True, True, True, True (**)]

Out[5326]=

Symbolic Form:
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Matrix Plot:

Row Reduced Form:
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
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Eigen Vars/Vecs:


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

Jordan Decomposition:
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

Schur Decomposition:
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

QR Decomposition:


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

FoldingMatrixHistory-1a.nb     9



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

In[5327]:=

inN@Det@

Out[5327]=

-64 φ3+64 φ9

φ10

37.3499

In[5328]:=

octSym@Inverse@ // MatrixForm

Out[5328]//MatrixForm=
1
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2 as the Dot product forms diagonal Cartan-like matrix of this folding matrix  .:

In[5329]:=

octSym[.];

(* Show: Matrix Plot, RowReduced, Eigensystem, Jordon, Schur, QR, Cholesky *)

matCheck[%, True(**), True, True, True, True, True, True, True (**)]

Out[5330]=

Symbolic Form:

6 - 2 φ 0. 0. 0. 0. 0. 0. 2
φ

0. 6 - 2 φ 0. 0. 0. 0. 2
φ

0.

0. 0. 6 - 2 φ 0. 0. 2
φ

0. 0.

0. 0. 0. 6 - 2 φ 2
φ

0. 0. 0.

0. 0. 0. 2
φ

6 - 2 φ 0. 0. 0.

0. 0. 2
φ

0. 0. 6 - 2 φ 0. 0.
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Row Reduced Form:
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
Eigen Vars/Vecs:



4

φ2

4

φ2

4

φ2

4

φ2

4
4
4
4

,

-1 0 0 0 0 0 0 1
0 -1 0 0 0 0 1 0
0 0 -1 0 0 1 0 0
0 0 0 -1 1 0 0 0
1 0 0 0 0 0 0 1
0 1 0 0 0 0 1 0
0 0 1 0 0 1 0 0
0 0 0 1 1 0 0 0



Jordan Decomposition:



-1 0 0 0 1 0 0 0
0 -1 0 0 0 1 0 0
0 0 -1 0 0 0 1 0
0 0 0 -1 0 0 0 1
0 0 0 1 0 0 0 1
0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0

,

2 -1+3 φ-φ2

φ
0 0 0 0 0 0 0

0
2 -1+3 φ-φ2

φ
0 0 0 0 0 0

0 0
2 -1+3 φ-φ2

φ
0 0 0 0 0

0 0 0
2 -1+3 φ-φ2

φ
0 0 0 0

0 0 0 0
2 1+3 φ-φ2

φ
0 0 0

0 0 0 0 0
2 1+3 φ-φ2

φ
0 0

0 0 0 0 0 0
2 1+3 φ-φ2

φ
0

0 0 0 0 0 0 0
2 1+3 φ-φ2

φ



Schur Decomposition:



- 1

2

1

2
0 0 0 0 0 0

0 0 1

2

1

2
0 0 0 0

0 0 0 0 0 0 - 1

2

1

2

0 0 0 0 1

2

1

2
0 0

0 0 0 0 - 1

2

1

2
0 0

0 0 0 0 0 0 1

2

1

2

0 0 - 1

2

1

2
0 0 0 0

1

2

1

2
0 0 0 0 0 0

,

4

φ2
0 0 0 0 0 0 0

0 4. 0 0 0 0 0 0

0 0 4

φ2
0 0 0 0 0

0 0 0 4 0 0 0 0

0 0 0 0 4

φ2
0 0 0

0 0 0 0 0 4. 0 0

0 0 0 0 0 0 4

φ2
0

0 0 0 0 0 0 0 4


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QR Decomposition:



-0.912871 0 0 0 0 0 0 - 1

6

0 -0.912871 0 0 0 0 - 1

6
0

0 0 -0.912871 0 0 - 1

6
0 0

0 0 0 -0.912871 - 1

6
0 0 0

0 0 0 - 1

6
0.91287 0 0 0

0 0 - 1

6
0 0 0.91287 0 0

0 - 1

6
0 0 0 0 0.91287 0

- 1

6
0 0 0 0 0 0 0.91287

,

-3.02774 0 0 0 0 0 0 -2.25674
0 -3.02774 0 0 0 0 -2.25674 0
0 0 -3.02774 0 0 -2.25674 0 0
0 0 0 -3.02774 -2.25674 0 0 0
0 0 0 0 2.01849 0 0 0
0 0 0 0 0 2.01849 0 0
0 0 0 0 0 0 2.01849 0
0 0 0 0 0 0 0 2.01849



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]
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The original 2012-2014 L/R quadrant-preserving E8 to canonical 600-cell (i.e. the H4 family of polytopes):

Where L/R quadrants have a Galois transform of ϕ ↔ -ϕ with upper left corners exchanging Φ↔ ϕ2:

In[5331]:=

H4fold =

Φ 0 0 0 ϕ2 0 0 0
0 ϕ 1 0 0 -ϕ 1 0
0 1 0 ϕ 0 1 0 -ϕ
0 0 ϕ 1 0 0 -ϕ 1

ϕ2 0 0 0 Φ 0 0 0
0 -ϕ 1 0 0 ϕ 1 0
0 1 0 -ϕ 0 1 0 ϕ
0 0 -ϕ 1 0 0 ϕ 1

;

In[5332]:=

octSym@H4fold;

(* Show: Matrix Plot, RowReduced, Eigensystem, Jordon, Schur, QR, Cholesky *)

matCheck[%, True(**), True, True, True, True, True, True, True (**)]

Out[5333]=

Symbolic Form:

φ 0. 0. 0. 1

φ2
0. 0. 0.

0. 1
φ

1 0. 0. - 1
φ

1 0.

0. 1 0. 1
φ

0. 1 0. - 1
φ

0. 0. 1
φ

1 0. 0. - 1
φ

1

1

φ2
0. 0. 0. φ 0. 0. 0.

0. - 1
φ

1 0. 0. 1
φ

1 0.

0. 1 0. - 1
φ

0. 1 0. 1
φ

0. 0. - 1
φ

1 0. 0. 1
φ

1

Matrix Plot:

Row Reduced Form:
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
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Eigen Vars/Vecs:



- 2
φ
2
φ
2
φ

-2
2
2
2
φ

2

,

0 0 1 -1 0 0 -1 1
0 0 -1 -1 0 0 1 1
0 -1 0 0 0 1 0 0
0 -1 1 0 0 -1 1 0
0 0 0 1 0 0 0 1
0 1 1 0 0 1 1 0
-1 0 0 0 1 0 0 0
1 0 0 0 1 0 0 0



Jordan Decomposition:



0 0 0 0 0 0 -1 1
0 0 -1 -1 0 1 0 0
1 -1 0 1 0 1 0 0
-1 -1 0 0 1 0 0 0
0 0 0 0 0 0 1 1
0 0 1 -1 0 1 0 0
-1 1 0 1 0 1 0 0
1 1 0 0 1 0 0 0

,

- 2
φ

0 0 0 0 0 0 0

0 2
φ

0 0 0 0 0 0

0 0 2
φ

0 0 0 0 0

0 0 0 -2 0 0 0 0
0 0 0 0 2 0 0 0
0 0 0 0 0 2 0 0

0 0 0 0 0 0 -1+φ3

φ2
0

0 0 0 0 0 0 0 1+φ3

φ2



Schur Decomposition:



1

2

1

2
0 0 0 0 0 0

0 0 1
2

0 1
2

0 0 - 1

2

0 0 - 1
2

1
2

1
2

1
2

0 0

0 0 0 - 1
2

0 1
2

- 1

2
0

1

2
- 1

2
0 0 0 0 0 0

0 0 1
2

0 1
2

0 0 1

2

0 0 - 1
2

- 1
2

1
2

- 1
2

0 0

0 0 0 1
2

0 - 1
2

- 1

2
0

,

2 0 0 0 0 0 0 0

0 2
φ

0 0 0 0 0 0

0 0 -2. 0 0 0 0 0

0 0 0 - 2
φ

0 0 0 0

0 0 0 0 2 0 0 0

0 0 0 0 0 2
φ

0 0

0 0 0 0 0 0 2 0

0 0 0 0 0 0 0 2
φ



QR Decomposition:



- φ3

1+φ6
0 0 0 - 1

1+φ6
0 0 0

0 - 1

2 1+φ2
- φ

2+2 φ2
0 0 1

2 1+φ2
- φ

2+2 φ2
0

0 φ

2+2 φ2
0 1

2 1+φ2
0 φ

2+2 φ2
0 - 1

2 1+φ2

0 0 - 1

2 1+φ2
- φ

2+2 φ2
0 0 1

2 1+φ2
- φ

2+2 φ2

- 1

1+φ6
0 0 0 φ3

1+φ6
0 0 0

0 φ

2+2 φ2
- 1

2 1+φ2
0 0 - φ

2+2 φ2
- 1

2 1+φ2
0

0 1

2 1+φ2
0 - φ

2+2 φ2
0 1

2 1+φ2
0 φ

2+2 φ2

0 0 - φ

2+2 φ2
1

2 1+φ2
0 0 φ

2+2 φ2
1

2 1+φ2

,

-
2+2 φ2

φ
0 0 0 - 2

2+φ
0 0 0

0 -
2+2 φ2

φ
0 0 0 - 2

2+φ
0 0

0 0 2+2 φ2

φ
0 0 0 2

2+φ
0

0 0 0 -
2+2 φ2

φ
0 0 0 - 2

2+φ

0 0 0 0 1.48699 0 0 0
0 0 0 0 0 -1.48699 0 0
0 0 0 0 0 0 1.48699 0
0 0 0 0 0 0 0 1.48699


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Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

In[5334]:=

inN@Det@H4fold

Out[5334]=

-64 φ3+64 φ9

φ10

37.3499

In[5335]:=

octSym@Inverse@H4fold // MatrixForm

Out[5335]//MatrixForm=
φ2

4
0. 0. 0. - 1

4 φ
0. 0. 0.

0. φ

4
1
4

0. 0. - φ

4
1
4

0.

0. 1
4

0. φ

4
0. 1

4
0. - φ

4

0. 0. φ

4
1
4

0. 0. - φ

4
1
4

- 1
4 φ

0. 0. 0. φ2

4
0. 0. 0.

0. - φ

4
1
4

0. 0. φ

4
1
4

0.

0. 1
4

0. - φ

4
0. 1

4
0. φ

4

0. 0. - φ

4
1
4

0. 0. φ

4
1
4

H4fold2 as the Dot product forms diagonal Cartan-like matrix of this folding matrix  H4fold.H4fold:

In[5336]:=

octSym[H4fold.H4fold];

(* Show: Matrix Plot, RowReduced, Eigensystem, Jordon, Schur, QR, Cholesky *)

matCheck[%, True(**), True, True, True, True, True, True, True (**)]

Out[5337]=

Symbolic Form:

6 - 2 φ 0. 0. 0. 2
φ

0. 0. 0.

0. 6 - 2 φ 0. 0. 0. 2
φ

0. 0.

0. 0. 6 - 2 φ 0. 0. 0. 2
φ

0.

0. 0. 0. 6 - 2 φ 0. 0. 0. 2
φ

2
φ

0. 0. 0. 6 - 2 φ 0. 0. 0.

- φ
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Row Reduced Form:
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
Eigen Vars/Vecs:



4

φ2

4

φ2

4

φ2

4

φ2

4
4
4
4

,

0 0 0 -1 0 0 0 1
0 0 -1 0 0 0 1 0
0 -1 0 0 0 1 0 0
-1 0 0 0 1 0 0 0
0 0 0 1 0 0 0 1
0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0



Jordan Decomposition:



0 0 0 -1 0 0 0 1
0 0 -1 0 0 0 1 0
0 -1 0 0 0 1 0 0
-1 0 0 0 1 0 0 0
0 0 0 1 0 0 0 1
0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0

,

2 -1+3 φ-φ2

φ
0 0 0 0 0 0 0

0
2 -1+3 φ-φ2

φ
0 0 0 0 0 0

0 0
2 -1+3 φ-φ2

φ
0 0 0 0 0

0 0 0
2 -1+3 φ-φ2

φ
0 0 0 0

0 0 0 0
2 1+3 φ-φ2

φ
0 0 0

0 0 0 0 0
2 1+3 φ-φ2

φ
0 0

0 0 0 0 0 0
2 1+3 φ-φ2

φ
0

0 0 0 0 0 0 0
2 1+3 φ-φ2

φ



Schur Decomposition:



- 1

2

1

2
0 0 0 0 0 0

0 0 1

2

1

2
0 0 0 0

0 0 0 0 - 1

2

1

2
0 0

0 0 0 0 0 0 1

2

1

2
1

2

1

2
0 0 0 0 0 0

0 0 - 1

2

1

2
0 0 0 0

0 0 0 0 1

2

1

2
0 0

0 0 0 0 0 0 - 1

2

1

2

,

4

φ2
0 0 0 0 0 0 0

0 4. 0 0 0 0 0 0

0 0 4

φ2
0 0 0 0 0

0 0 0 4 0 0 0 0

0 0 0 0 4

φ2
0 0 0

0 0 0 0 0 4. 0 0

0 0 0 0 0 0 4

φ2
0

0 0 0 0 0 0 0 4


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QR Decomposition:



-0.912871 0 0 0 - 1

6
0 0 0

0 -0.912871 0 0 0 - 1

6
0 0

0 0 -0.912871 0 0 0 - 1

6
0

0 0 0 -0.912871 0 0 0 - 1

6

- 1

6
0 0 0 0.91287 0 0 0

0 - 1

6
0 0 0 0.91287 0 0

0 0 - 1

6
0 0 0 0.91287 0

0 0 0 - 1

6
0 0 0 0.91287

,

-3.02774 0 0 0 -2.25674 0 0 0
0 -3.02774 0 0 0 -2.25674 0 0
0 0 -3.02774 0 0 0 -2.25674 0
0 0 0 -3.02774 0 0 0 -2.25674
0 0 0 0 2.01849 0 0 0
0 0 0 0 0 2.01849 0 0
0 0 0 0 0 0 2.01849 0
0 0 0 0 0 0 0 2.01849



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]
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In addition:
For properties of Determinant=1  (aka. Det1) showing that the 8 coefficients of the characteristic polynomial are palindromic {1,  0,  -2 5 ,  0,  7,  0,  -2 5 ,  0,  1}:

In[5338]:=

(* Get the Characteristic coefficients of Det=1  (aka. Det1) *)

CharacteristicPolynomial[Det1, x]

Out[5338]=

1

256
-64 x3

1

φ

3/2

+ 64 x
1

φ

5/2

+ 64 x3
1

φ

5/2

+ 64 x5
1

φ

5/2

- 64 x
1

φ

7/2

- 64 x3
1

φ

7/2

- 64 x5
1

φ

7/2

+ 64 x3
1

φ

9/2

+ 256 x5
1

φ

9/2

- 256 x3
1

φ

11/2

- 256 x5
1

φ

11/2

- 256 x7
1

φ

11/2

+

512 x3
1

φ

13/2

+ 256 x7
1

φ

13/2

- 256 x
1

φ

15/2

+ 320 x3
1

φ

15/2

- 512 x5
1

φ

15/2

+ 256 x7
1

φ

15/2

- 64 x
1

φ

17/2

+ 192 x3
1

φ

17/2

- 320 x5
1

φ

17/2

+ 64 x
1

φ

19/2

+ 64 x3
1

φ

19/2

+ 64 x5
1

φ

19/2

- 64 x3
1

φ

21/2

+

64 x2

φ10
-
64 x4

φ10
-
64

φ9
+
64 x2

φ9
-
320 x4

φ9
+
64 x6

φ9
+
320 x2

φ8
+
192 x4

φ8
+
256 x6

φ8
-
256 x2

φ7
-
512 x6

φ7
-
256 x2

φ6
+
512 x4

φ6
-
256 x6

φ6
+
256 x8

φ6
+
256 x4

φ5
-
256 x6

φ5
-
64 x2

φ4
+
64 x4

φ4
+
64

φ3
-
64 x2

φ3
+
64 x4

φ3
-
64 x6

φ3
-
64 x2

φ2
+
64 x4

φ2
φ6

In[5339]:=

Expand@%

Out[5339]=

-x2 + 2 x4 - x6 + x8 -
x3

4  1
φ

9/2

+
x

4  1
φ

7/2

+
x3

4  1
φ

7/2

+
x5

4  1
φ

7/2

-
x

4  1
φ

5/2

-
x3

4  1
φ

5/2

-
x5

4  1
φ

5/2

+
x3

4  1
φ

3/2

+
x5

 1
φ

3/2

-
x3

1
φ

-
x5

1
φ

-
x7

1
φ

+ 2 x3
1

φ
+ x7

1

φ
- x

1

φ

3/2

+
5

4
x3

1

φ

3/2

- 2 x5
1

φ

3/2

+ x7
1

φ

3/2

-
1

4
x

1

φ

5/2

+

3

4
x3

1

φ

5/2

-
5

4
x5

1

φ

5/2

+
1

4
x

1

φ

7/2

+
1

4
x3

1

φ

7/2

+
1

4
x5

1

φ

7/2

-
1

4
x3

1

φ

9/2

+
x2

4 φ4
-

x4

4 φ4
-

1

4 φ3
+

x2

4 φ3
-
5 x4

4 φ3
+

x6

4 φ3
+
5 x2

4 φ2
+
3 x4

4 φ2
+
x6

φ2
-
x2

φ
-
2 x6

φ
+ x4 φ - x6 φ -

x2 φ2

4
+
x4 φ2

4
+
φ3

4
-
x2 φ3

4
+
x4 φ3

4
-
x6 φ3

4
-
x2 φ4

4
+
x4 φ4

4

In[5340]:=

Collect[%, x]

Out[5340]=

x8 + x7 -
1

1
φ

+
1

φ
+

1

φ

3/2

+ x5
1

4  1
φ

7/2

-
1

4  1
φ

5/2

+
1

 1
φ

3/2

-
1

1
φ

- 2
1

φ

3/2

-
5

4

1

φ

5/2

+
1

4

1

φ

7/2

+

x
1

4  1
φ

7/2

-
1

4  1
φ

5/2

-
1

φ

3/2

-
1

4

1

φ

5/2

+
1

4

1

φ

7/2

+ x3 -
1

4  1
φ

9/2

+
1

4  1
φ

7/2

-
1

4  1
φ

5/2

+
1

4  1
φ

3/2

-
1

1
φ

+ 2
1

φ
+
5

4

1

φ

3/2

+
3

4

1

φ

5/2

+
1

4

1

φ

7/2

-
1

4

1

φ

9/2

-

1

4 φ3
+
φ3

4
+ x6 -1 +

1

4 φ3
+

1

φ2
-
2

φ
- φ -

φ3

4
+ x2 -1 +

1

4 φ4
+

1

4 φ3
+

5

4 φ2
-
1

φ
-
φ2

4
-
φ3

4
-
φ4

4
+ x4 2 -

1

4 φ4
-

5

4 φ3
+

3

4 φ2
+ φ +

φ2

4
+
φ3

4
+
φ4

4

In[5341]:=

CoefficientList[%, x] /. sizeListRep

Out[5341]=

-
1

4 φ3
+
φ3

4
,

1

4  1
φ

7/2

-
1

4  1
φ

5/2

-
1

φ

3/2

-
1

4

1

φ

5/2

+
1

4

1

φ

7/2

, -1 +
1

4 φ4
+

1

4 φ3
+

5

4 φ2
-
1

φ
-
φ2

4
-
φ3

4
-
φ4

4
, -

1

4  1
φ

9/2

+
1

4  1
φ

7/2

-
1

4  1
φ

5/2

+
1

4  1
φ

3/2

-
1

1
φ

+ 2
1

φ
+
5

4

1

φ

3/2

+
3

4

1

φ

5/2

+
1

4

1

φ

7/2

-
1

4

1

φ

9/2

,

2 -
1

4 φ4
-

5

4 φ3
+

3

4 φ2
+ φ +

φ2

4
+
φ3

4
+
φ4

4
,

1

4  1
φ

7/2

-
1

4  1
φ

5/2

+
1

 1
φ

3/2

-
1

1
φ

- 2
1

φ

3/2

-
5

4

1

φ

5/2

+
1

4

1

φ

7/2

, -1 +
1

4 φ3
+

1

φ2
-
2

φ
- φ -

φ3

4
, -

1

1
φ

+
1

φ
+

1

φ

3/2

, 1
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In[5342]:=

octSym@%;

inN@%

Out[5343]=

{1, 0., -2 (-1 + 2 φ), 0., 7, 0., -2 (-1 + 2 φ), 0., 1}
{1., 0., -4.47214, 0., 7., 0., -4.47214, 0., 1.}

In[5344]:=

PalindromeQ@%%

Out[5344]=

True

In[5345]:=

N2 (-1 + 2 φ)  2 5  4.47213595499958` /. φRep

Out[5345]=

True

For properties of cm= 2, see eq. 3,4,6,7 of https://arxiv.org/abs/2311.11918

In[5346]:=

#, MatrixFormres =
φ# + 1

φ#/2
u /. slRep, N[Reverse@res  MatrixPower[Det1, #] + MatrixPower[Det1, -#] /. φRep] & /@ (2 Range@3 - 1)

Out[5346]=

1,

- 1+φ

φ
0 0 0 0 0 0 0

0 1+φ

2 φ

1+φ

2 φ
0 0 1+φ

2 φ
- 1+φ

2 φ
0

0 1+φ

2 φ
0 1+φ

2 φ
- 1+φ

2 φ
0 1+φ

2 φ
0

0 0 1+φ

2 φ

1+φ

2 φ

1+φ

2 φ
- 1+φ

2 φ
0 0

0 0 - 1+φ

2 φ

1+φ

2 φ

1+φ

2 φ

1+φ

2 φ
0 0

0 1+φ

2 φ
0 - 1+φ

2 φ

1+φ

2 φ
0 1+φ

2 φ
0

0 - 1+φ

2 φ

1+φ

2 φ
0 0 1+φ

2 φ

1+φ

2 φ
0

0 0 0 0 0 0 0 - 1+φ

φ

, True, 3,

- 1+φ3

φ3/2
0 0 0 0 0 0 0

0 1+φ3

2 φ3/2
1+φ3

2 φ3/2
0 0 1+φ3

2 φ3/2
- 1+φ3

2 φ3/2
0

0 1+φ3

2 φ3/2
0 1+φ3

2 φ3/2
- 1+φ3

2 φ3/2
0 1+φ3

2 φ3/2
0

0 0 1+φ3

2 φ3/2
1+φ3

2 φ3/2
1+φ3

2 φ3/2
- 1+φ3

2 φ3/2
0 0

0 0 - 1+φ3

2 φ3/2
1+φ3

2 φ3/2
1+φ3

2 φ3/2
1+φ3

2 φ3/2
0 0

0 1+φ3

2 φ3/2
0 - 1+φ3

2 φ3/2
1+φ3

2 φ3/2
0 1+φ3

2 φ3/2
0

0 - 1+φ3

2 φ3/2
1+φ3

2 φ3/2
0 0 1+φ3

2 φ3/2
1+φ3

2 φ3/2
0

0 0 0 0 0 0 0 - 1+φ3

φ3/2

, True, 5,

- 1+φ5

φ5/2
0 0 0 0 0 0 0

0 1+φ5

2 φ5/2
1+φ5

2 φ5/2
0 0 1+φ5

2 φ5/2
- 1+φ5

2 φ5/2
0

0 1+φ5

2 φ5/2
0 1+φ5

2 φ5/2
- 1+φ5

2 φ5/2
0 1+φ5

2 φ5/2
0

0 0 1+φ5

2 φ5/2
1+φ5

2 φ5/2
1+φ5

2 φ5/2
- 1+φ5

2 φ5/2
0 0

0 0 - 1+φ5

2 φ5/2
1+φ5

2 φ5/2
1+φ5

2 φ5/2
1+φ5

2 φ5/2
0 0

0 1+φ5

2 φ5/2
0 - 1+φ5

2 φ5/2
1+φ5

2 φ5/2
0 1+φ5

2 φ5/2
0

0 - 1+φ5

2 φ5/2
1+φ5

2 φ5/2
0 0 1+φ5

2 φ5/2
1+φ5

2 φ5/2
0

0 0 0 0 0 0 0 - 1+φ5

φ5/2

, False

In[5347]:=

#, MatrixFormres =
φ# - 1

φ#/2
u /. slRep, N[res  MatrixPower[Det1, #] - MatrixPower[Det1, -#] /. φRep] & /@ (2 Range@3 - 1)

Out[5347]=

1,

- -1+φ

φ
0 0 0 0 0 0 0

0 -1+φ

2 φ

-1+φ

2 φ
0 0 -1+φ

2 φ
- -1+φ

2 φ
0

0 -1+φ

2 φ
0 -1+φ

2 φ
- -1+φ

2 φ
0 -1+φ

2 φ
0

0 0 -1+φ

2 φ

-1+φ

2 φ

-1+φ

2 φ
- -1+φ

2 φ
0 0

0 0 - -1+φ

2 φ

-1+φ

2 φ

-1+φ

2 φ

-1+φ

2 φ
0 0

0 -1+φ

2 φ
0 - -1+φ

2 φ

-1+φ

2 φ
0 -1+φ

2 φ
0

0 - -1+φ

2 φ

-1+φ

2 φ
0 0 -1+φ

2 φ

-1+φ

2 φ
0

0 0 0 0 0 0 0 - -1+φ

φ

, True, 3,

- -1+φ3

φ3/2
0 0 0 0 0 0 0

0 -1+φ3

2 φ3/2
-1+φ3

2 φ3/2
0 0 -1+φ3

2 φ3/2
- -1+φ3

2 φ3/2
0

0 -1+φ3

2 φ3/2
0 -1+φ3

2 φ3/2
- -1+φ3

2 φ3/2
0 -1+φ3

2 φ3/2
0

0 0 -1+φ3

2 φ3/2
-1+φ3

2 φ3/2
-1+φ3

2 φ3/2
- -1+φ3

2 φ3/2
0 0

0 0 - -1+φ3

2 φ3/2
-1+φ3

2 φ3/2
-1+φ3

2 φ3/2
-1+φ3

2 φ3/2
0 0

0 -1+φ3

2 φ3/2
0 - -1+φ3

2 φ3/2
-1+φ3

2 φ3/2
0 -1+φ3

2 φ3/2
0

0 - -1+φ3

2 φ3/2
-1+φ3

2 φ3/2
0 0 -1+φ3

2 φ3/2
-1+φ3

2 φ3/2
0

0 0 0 0 0 0 0 - -1+φ3

φ3/2

, True, 5,

- -1+φ5

φ5/2
0 0 0 0 0 0 0

0 -1+φ5

2 φ5/2
-1+φ5

2 φ5/2
0 0 -1+φ5

2 φ5/2
- -1+φ5

2 φ5/2
0

0 -1+φ5

2 φ5/2
0 -1+φ5

2 φ5/2
- -1+φ5

2 φ5/2
0 -1+φ5

2 φ5/2
0

0 0 -1+φ5

2 φ5/2
-1+φ5

2 φ5/2
-1+φ5

2 φ5/2
- -1+φ5

2 φ5/2
0 0

0 0 - -1+φ5

2 φ5/2
-1+φ5

2 φ5/2
-1+φ5

2 φ5/2
-1+φ5

2 φ5/2
0 0

0 -1+φ5

2 φ5/2
0 - -1+φ5

2 φ5/2
-1+φ5

2 φ5/2
0 -1+φ5

2 φ5/2
0

0 - -1+φ5

2 φ5/2
-1+φ5

2 φ5/2
0 0 -1+φ5

2 φ5/2
-1+φ5

2 φ5/2
0

0 0 0 0 0 0 0 - -1+φ5

φ5/2

, False
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For properties of u:

In eq. 3,4 of https://arxiv.org/abs/2311.01486, it was shown that while , and 2 are not Unitary, they can be constructed from quantum CNOT and SWAP gates, Pauli matrices, and the Traceless Hermitian Unitary matrix u of Determinant 1 (i.e. 
SU(8)) with characteristic polynomial |coefficients| of the 5th row of the Pascal Triangle (1,4,6,4,1}. This matrix has the same characteristic polynomial as that of the 3-qubit Hadamard matrix (See eq. 5 & 8 of https://arxiv.org/abs/2311.11918):

In[5348]:=

(* 3-Qubit Hadamard*)

ham3Q = HadamardMatrix@23;

(* Normalzed 3-Qubit Hadamard*)

ham3 = 8 ham3Q;

% // MatrixForm

Out[5350]//MatrixForm=

1 1 1 1 1 1 1 1
1 1 1 1 -1 -1 -1 -1
1 1 -1 -1 -1 -1 1 1
1 1 -1 -1 1 1 -1 -1
1 -1 -1 1 1 -1 -1 1
1 -1 -1 1 -1 1 1 -1
1 -1 1 -1 -1 1 -1 1
1 -1 1 -1 1 -1 1 -1

In[5351]:=

(* Show: Matrix Plot, RowReduced, Eigensystem, Jordon, Schur, QR, Cholesky *)

matCheck[%%%, True(**), True, True, True, True, True, True, True (**)]

Out[5351]=

Symbolic Form:
1

2 2

1

2 2

1

2 2

1

2 2

1

2 2

1

2 2

1

2 2

1

2 2
1

2 2

1

2 2

1

2 2

1

2 2
- 1

2 2
- 1

2 2
- 1

2 2
- 1

2 2
1

2 2

1

2 2
- 1

2 2
- 1

2 2
- 1

2 2
- 1

2 2

1

2 2

1

2 2
1

2 2

1

2 2
- 1

2 2
- 1

2 2

1

2 2

1

2 2
- 1

2 2
- 1

2 2
1

2 2
- 1

2 2
- 1

2 2

1

2 2

1

2 2
- 1

2 2
- 1

2 2

1

2 2
1

2 2
- 1

2 2
- 1

2 2

1

2 2
- 1

2 2

1

2 2

1

2 2
- 1

2 2
1

2 2
- 1

2 2

1

2 2
- 1

2 2
- 1

2 2

1

2 2
- 1

2 2

1

2 2
1

2 2
- 1

2 2

1

2 2
- 1

2 2

1

2 2
- 1

2 2

1

2 2
- 1

2 2

Matrix Plot:

1 2 3 4 5 6 7 8

1

2

3

4

5

6

7

8

1 2 3 4 5 6 7 8

1

2

3

4

5

6

7

8
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Row Reduced Form:
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
Eigen Vars/Vecs:



-1
-1
-1
-1
1
1
1
1

,

0 0.414213 -1 0 -0.414214 0 0 1

-0.414214 2 - 2 -0.414214 0 0.414213 0 1 0

-1 0.414213 2 0 1 1 0 0
-0.414214 -0.414214 1 1 0 0 0 0

0 -1 - 2 -1 0 1 + 2 0 0 1

1 + 2 2 + 2 1 + 2 0 -1 - 2 0 1 0

-1 -1 - 2 - 2 0 1 1 0 0

1 + 2 1 + 2 1 1 0 0 0 0



Jordan Decomposition:



0 1 - 2 -1 1 - 2 0 1 + 2 -1 1 + 2

-1 + 2 2 - 2 -1 + 2 1 - 2 -1 - 2 2 + 2 -1 - 2 1 + 2

-1 1 - 2 2 1 -1 1 + 2 - 2 1
0 0 0 1 0 0 0 1

1 - 2 -1 + 2 1 0 1 + 2 -1 - 2 1 0
0 0 1 0 0 0 1 0
0 1 0 0 0 1 0 0
1 0 0 0 1 0 0 0

,

-1 0 0 0 0 0 0 0
0 -1 0 0 0 0 0 0
0 0 -1 0 0 0 0 0
0 0 0 -1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1



Schur Decomposition:



0.822664 0.568527 0 0 0 0 0 0
0.214883 -0.310938 -0.475964 -0.794105 0 0 0 0
0.214883 -0.310938 0.574538 -0.164465 0.412925 0.281944 -0.477933 0.146904
0.214883 -0.310938 0.574538 -0.164465 -0.412926 -0.281945 0.477932 -0.146905
0.214883 -0.310938 -0.168279 0.280758 0.076396 -0.738878 -0.417454 -0.154778
0.214883 -0.310938 -0.168279 0.280758 -0.660361 0.340147 -0.258445 0.362532
0.214883 -0.310938 -0.168279 0.280758 0.139394 0.422838 0.146009 -0.728326
0.214883 -0.310938 -0.168279 0.280758 0.444569 -0.024109 0.529888 0.520571

,

1 0 0 0 0 0 0 0
0 -1 0 0 0 0 0 0
0 0 -1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 -1 0
0 0 0 0 0 0 0 -1



QR Decomposition:



- 1

2 2
- 1

2 2
- 1

2 2
- 1

2 2
- 1

2 2
- 1

2 2
- 1

2 2
- 1

2 2

- 1

2 2
- 1

2 2
- 1

2 2
- 1

2 2

1

2 2

1

2 2

1

2 2

1

2 2
1

2 2

1

2 2
- 1

2 2
- 1

2 2
- 1

2 2
- 1

2 2

1

2 2

1

2 2
1

2 2

1

2 2
- 1

2 2
- 1

2 2

1

2 2

1

2 2
- 1

2 2
- 1

2 2

- 1

2 2

1

2 2

1

2 2
- 1

2 2
- 1

2 2

1

2 2

1

2 2
- 1

2 2

- 1

2 2

1

2 2

1

2 2
- 1

2 2

1

2 2
- 1

2 2
- 1

2 2

1

2 2
1

2 2
- 1

2 2

1

2 2
- 1

2 2
- 1

2 2

1

2 2
- 1

2 2

1

2 2

- 1

2 2

1

2 2
- 1

2 2

1

2 2
- 1

2 2

1

2 2
- 1

2 2

1

2 2

,

-1 0 0 0 0 0 0 0
0 -1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 -1 0 0 0
0 0 0 0 0 -1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 -1


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Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

In[5352]:=

Expand@CharacteristicPolynomial[ham3Q, x]

Out[5352]=

1 - 4 x2 + 6 x4 - 4 x6 + x8

In[5353]:=

(* Get the Characteristic coefficients *)

fullSimplify@CharacteristicPolynomial[u, x]

Expand@%

Out[5353]=

-1 + x24

Out[5354]=

1 - 4 x2 + 6 x4 - 4 x6 + x8

In[5355]:=

%  %%%

Out[5355]=

True

In[5356]:=

u;

(* Show: Matrix Plot, RowReduced, Eigensystem, Jordon, Schur, QR, Cholesky *)

matCheck[%, True(**), True, True, True, True, True, True, True (**)]

Out[5357]=

Symbolic Form:
-1 0 0 0 0 0 0 0

0 1
2

1
2

0 0 1
2

- 1
2

0

0 1
2

0 1
2

- 1
2

0 1
2

0

0 0 1
2

1
2

1
2

- 1
2

0 0

0 0 - 1
2

1
2

1
2

1
2

0 0

0 1
2

0 - 1
2

1
2

0 1
2

0

0 - 1
2

1
2

0 0 1
2

1
2

0

0 0 0 0 0 0 0 -1
Matrix Plot:
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Row Reduced Form:
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
Eigen Vars/Vecs:



-1
-1
-1
-1
1
1
1
1

,

0 0 0 0 0 0 0 1
0 1 -2 1 -1 0 1 0
0 0 -1 1 -1 1 0 0
1 0 0 0 0 0 0 0
0 -1 0 0 0 0 1 0
0 2 1 0 0 1 0 0
0 -1 -1 0 1 0 0 0
0 1 1 1 0 0 0 0



Jordan Decomposition:



0 0 0 1 0 0 0 0
0 1 0 0 -1 2 -1 1
0 -2 -1 0 0 1 -1 1
0 1 1 0 0 0 0 1
0 -1 -1 0 0 0 1 0
0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 0
1 0 0 0 0 0 0 0

,

-1 0 0 0 0 0 0 0
0 -1 0 0 0 0 0 0
0 0 -1 0 0 0 0 0
0 0 0 -1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1



Schur Decomposition:



0 0 0 0 0 0 1 0

- 1

2 3
- 1

2
- 2

3
0 0 0 0 0

1

2 3

1
2

- 1

6

1
2

-0.209817 0.453847 0 0

0 0 0 - 1
2

0.43202 0.750571 0 0

0 0 0 1
2

0.851652 -0.157123 0 0
1

2 3

1
2

- 1

6
- 1

2
0.209816 -0.453848 0 0

3

2
- 1

2
0 0 0 0 0 0

0 0 0 0 0 0 0 1

,

1 0 0 0 0 0 0 0
0 -1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 -1 0 0 0 0
0 0 0 0 1. 0 0 0
0 0 0 0 0 1. 0 0
0 0 0 0 0 0 -1 0
0 0 0 0 0 0 0 -1



QR Decomposition:



1 0 0 0 0 0 0 0

0 - 1
2

- 1
2

0 0 - 1
2

1
2

0

0 1
2

0 1
2

- 1
2

0 1
2

0

0 0 - 1
2

- 1
2

- 1
2

1
2

0 0

0 0 1
2

- 1
2

- 1
2

- 1
2

0 0

0 1
2

0 - 1
2

1
2

0 1
2

0

0 - 1
2

1
2

0 0 1
2

1
2

0

0 0 0 0 0 0 0 1

,

-1 0 0 0 0 0 0 0
0 -1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 -1 0 0 0 0
0 0 0 0 -1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 -1


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Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]
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.... and for good  measure, we show the matCheck analysis on  the 2x2 Pauli (σ), 3x3 Gell-Mann (λ), and 4x4 Dirac (γ) matrices

2x2 Pauli (σ) matrices
In[5358]:=

matCheck@σP@# & /@ Range[0, 4]

Out[5358]=



Symbolic Form:


1 0
0 1



Matrix Plot:

1 2

1

2

1 2

1

2

Eigen Vars/Vecs:


1
1
, 

0 1
1 0



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

,

Symbolic Form:


0 1
1 0



Matrix Plot:

1 2

1

2

1 2

1

2

Eigen Vars/Vecs:


-1
1
, 

-1 1
1 1



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

,

Symbolic Form:


0 -
 0



Matrix Plot:

Symbolic Form:


1 0
0 -1



Matrix Plot:

1

1 2

1

Symbolic Form:


1 0
0 1



Matrix Plot:

1

1 2

1
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Eigen Vars/Vecs:


-1
1
, 

 1
- 1



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

,

1 2

2 2

Eigen Vars/Vecs:


-1
1
, 

0 1
1 0



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

,

1 2

2 2

Eigen Vars/Vecs:


1
1
, 

0 1
1 0



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]


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3x3 Gell - Mann (λ) matrices
In[5359]:=

matCheck@λG@# & /@ Range[0, 7]

Out[5359]=



Symbolic Form:

2
3

0 0

0 2
3

0

0 0 2
3

Matrix Plot:

1 2 3

1

2

3

1 2 3

1

2

3

Eigen Vars/Vecs:



2
3

2
3

2
3

,
0 0 1
0 1 0
1 0 0



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

,

Symbolic Form:
0 1 0
1 0 0
0 0 0

Matrix Plot:

1 2 3

1

2

3

1 2 3

1

2

3

Eigen Vars/Vecs:


-1
1
0

,
-1 1 0
1 1 0
0 0 1



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

,

Symbolic Form:
0 - 0
 0 0
0 0 0

Symbolic Form:
1 0 0
0 -1 0
0 0 0

Symbolic Form:
0 0 1
0 0 0
1 0 0

FoldingMatrixHistory-1a.nb     27



Matrix Plot:

Eigen Vars/Vecs:


-1
1
0

,
 1 0
- 1 0
0 0 1



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

,

Matrix Plot:

1 2 3

1

2

3

1 2 3

1

2

3

Eigen Vars/Vecs:


-1
1
0

,
0 1 0
1 0 0
0 0 1



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

,

Matrix Plot:

1 2 3

1

2

3

1 2 3

1

2

3

Eigen Vars/Vecs:


-1
1
0

,
-1 0 1
1 0 1
0 1 0



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

,

Symbolic Form:
0 0 -
0 0 0
 0 0

Matrix Plot:

Eigen Vars/Vecs:


-1  0 1



Symbolic Form:
0 0 0
0 0 1
0 1 0

Matrix Plot:

1 2 3

1

2

3

1 2 3

1

2

3

Eigen Vars/Vecs:

Symbolic Form:
0 0 0
0 0 -
0  0

Matrix Plot:

Eigen Vars/Vecs:


-1 0  1


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
-1
1
0

,
 0 1
- 0 1
0 1 0



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

,


-1
1
0

,
0 -1 1
0 1 1
1 0 0



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

,


-1
1
0

,
0  1
0 - 1
1 0 0



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]


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4x4 Dirac (γ) matrices
In[5360]:=

matCheck@γD@# & /@ Range[0, 5]

Out[5360]=



Symbolic Form:
1 0 0 0
0 1 0 0
0 0 -1 0
0 0 0 -1
Matrix Plot:

1 2 3 4

1

2

3

4

1 2 3 4

1

2

3

4

Eigen Vars/Vecs:



-1
-1
1
1

,

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

,

Symbolic Form:
0 0 0 1
0 0 1 0
0 -1 0 0
-1 0 0 0
Matrix Plot:

1 2 3 4

1

2

3

4

1 2 3 4

1

2

3

4

Eigen Vars/Vecs:





-
-

,

- 0 0 1
0 - 1 0
 0 0 1
0  1 0



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

,

Symbolic Form:
0 0 0 -
0 0  0
0  0 0
- 0 0 0
Matrix Plot:

Eigen Vars/Vecs:





-
-

,

-1 0 0 1
0 1 1 0
1 0 0 1
0 -1 1 0



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

,

Symbolic Form:
0 0 1 0
0 0 0 -1
-1 0 0 0
0 1 0 0

Matrix Plot:
1 2 3 4

Symbolic Form:
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

Matrix Plot:
1 2 3 4

Symbolic Form:
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

Matrix Plot:
1 2 3 4
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1 2 3 4

1

2

3

4

1

2

3

4

Eigen Vars/Vecs:





-
-

,

0  0 1
- 0 1 0
0 - 0 1
 0 1 0



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

,

1 2 3 4

1

2

3

4

1

2

3

4

Eigen Vars/Vecs:



1
1
1
1

,

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]

,

1 2 3 4

1

2

3

4

1

2

3

4

Eigen Vars/Vecs:



-1
-1
1
1

,

0 -1 0 1
-1 0 1 0
0 1 0 1
1 0 1 0



Matrix Types:

Is a Matrix VolPreserving[Det=±1]

PositiveDefinite[Eigen>0] Traceless[ΣEigen=Tr=0]

Invertable ±Involutory

Upper Triangular Lower Triangular

Diagonalizable Diagonal

Orthogonal Unitary[m.m=]

LRSymmetric[m=Rev@m] Normal

Symmetric[m=m] AntiSymmetric[m=-m]

Hermitian[m=m] AntiHermitian[m=-m]

CentroSymmetric[AJ = JA] SkewCentroSymmetric[AJ=-JA]

Hamiltonian[J=A or †JA] SkewHamiltonian[J-J]



In[5361]:=
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