Cohl Furey’s RQCQHR®O papers:

m A Computational Analysis by J. Gregory Moxness

Motivation

This is an updated analysis of several papers from Cohl Furey related to using complexified real octonions (aka. bi-
octonions) in the assignment of Standard Model (SM) Boson and Fermion particles to Clifford algebras and group
symmetries. The previous analysis was based on [1-4]:

[1] https://arxiv.org/abs/1002.1497v5

[2] https://arxiv.org/abs/1405.4601v1

[3] https://arxiv.org/abs/1603.04078

[4] https://arxiv.org/abs/1806.00612

[5] https://arxiv.org/abs/1910.08395v1

This .pdf is a direct output from my Mathematica (MTM) Notebook. | will follow up with a LaTex paper on the topic
soon.

This notebook has code built in to operate symbolically on native MTM reals (R), complexes (C=a+ib), and quater-
nionic (H=a+ib+cj+dk) forms, as well as my custom code to handle the octonions (O

={eo=1,e1=1,ex2=J, es =k, e, es, €6, €7}), and now the bi-octonions (which doesn't assign the octonion ¢; to be
equivalent to the complex imaginary (i)). That change also applies to the native quaternion assignments where of
ep =1, e = J, e3 = k) in order to work with quater-octonions. This was a fairly trivial change to make since it
simply involves removing the conversion of complex (and quaternion) operators from being involved in the octo-
nionic multiplication (i.e. SmallCircle[] or symbolically °).

Commenting out that code is shown here:

Please note that my previous analysis here made the mistake of not commenting out these operations. As such, it
was operating on octonions (not complexified bi-octonions), so some of my concerns were resolved based on
correcting that error.

This also creates a split in the way conjugation is handled. The MTM native conjugation (\[Conjugate ] or *)
handles the imaginary components of R, C, and H (after loading <<Quaternions™). With the change above, my
code operates on octonion symboils (i.e. oct ={ey, €1, €2, €3, €4, €5, €s, €7}) as real as required for bi-octonions,
but my octonion conjugation (octCongugate[] or x*@strisk)) computation operates on octonion symbols as imagi-
nary in addition to the imaginary CeH elements if present (i.e. i e,—~(-i) (-en)=i ep).

The following code implements the two forms of conjugation introduced in the papers (* and 1):

I've set up this “bi-octonion RRCRH®DO machine” to easily switch from native MTM conjugation and my octonion
conjugation.

The exceptions for s & S in this code accommodates their use in these papers as complex elements that only
get MTM native treatment, thus avoiding recursive loops when not being reduced with used with the real octo-
nion elements).

The following code implements the s and S in [5]:

in2197:= doConjugate = False;


https://en.wikipedia.org/wiki/Bioctonion
https://en.wikipedia.org/wiki/Bioctonion
https://arxiv.org/abs/1405.4601v1
https://theoryofeverything.org/theToE/2019/02/03/mathematica-analysis-of-cohl-fureys-octonion-and-clifford-group-theoretic-%e2%84%82%e2%8a%97o-assignments-to-standard-model-particles/

2 | Furey-RCHO-Octonionic-Standard-Model-short-7a2.nb

nzi9s= (% Conjugate x)
sScon = {
{s*, S},
{s, $*},
{s*, S*},
{s, S}};

In[2199]:=

It is also interesting to note that unlike complexes (C), there are actually two forms of quaternion (H) assignments
where k=(ij or ji). For octonions, there are 480 possible multiplication tables that are non-trivial (i.e. not simple
permutations of the oct symbols). There are 3840 split octonion multiplication tables. These multiplication tables
are generated in my code using any of the algorithmically generated 480 possible octonion multiplication tables, as
well as visualizing their Fano plane (or Fano cube) mnemonic based on which of the 7 triads selected. This code is
also built to accommodate sedenions by Cayley-Dickson doubling, but | digress.

| am very interested here in the suggestion at the very end of Cohl's last paper [5] in the Addendum Section
IX(B/C) on Multi-actions splitting spinor spaces, Lie algebras/groups, and Jordan algebras. | suspect having the
ability to create a machine (i.e. a symbolic engine such as MTM) to operate on and visualize these structures as
hyper-dimensional physical elements is critical to making progress in understanding our Universe more thoroughly.

From [1] Towards a unified theory of ideals (2010)

Select and implement the specific octonion:

So to set up the analysis, we select the Fano plane used in these papers, which happens to be the same on
used by Baez in his work, which is in position 224 "flip-»True" in my assignment of the 480 combinations. The
algorithm to visualize the Fano plane constructs it differently than the paper, but the triads are correct.
inz204p= (% Find Cohl Furey's Octonion = Baez's octonion based on triads =x)
Position[ (setFM[#, True];
StandardForm[triads]) & /@ Range@256,
{{1, 2, 4}, {1, 3, 7}, {1, 5, 6}, {2, 3, 5}, {2, 6, 7}, {3, 4, 6}, {4, 5, 7}}]

out2204]= (224 1)


https://theoryofeverything.org/theToE/2013/06/22/the-comprehensive-split-octonions-and-their-fano-planes/

nz205= (% Set the Fano Multiplication matrix to that triad set (224, flip=True)
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and display the triads, Fano plane and multiplication table x)

setFM[224, flip = True];
Rowe {triads, fanoPlane,
IJKLstyle = False; fmDispe,
IJKLstyle = True;
fmDispe}

2

Octonion Fano Plane

Out[2206]=

A WNODN R~~~
N A ANW LW
RN RN BRV, e NEN QN N

el -1 e7 e —es —e3
e -1 s —e3 e1 —ep
e3 —e7 —es —1 e e —es el
e - -1 e7 e3 —es
es —es e3 —ex —e1 —1 el e
€6 es —e7 es —es —er —1 e
e7 es e —el e —e4 —ey -1

It should be noted that there can be risk in making assumptions based on operating on a given set of triads—
Fano planes— multiplication tables. Some of the patterns are specific only to that selected octonion out of the
480 (e.g. A reference in [2] from a reference to the Baez's paper (https://arxiv.org/abs/math/0105155) suggesting
that index cycling and doubling patterns hold. While interesting, this is only true for that specific octonion multipli-

cation table used in these papers.

Cohl's papers do not reduce the octonionic products (i.e. e;oe, = e15 = e4) based on the selected multiplication
table outside of using identities common to all imaginary numbers (e.g. enoen = enn, € = —€m, and epoe, = -1).

The following code implements functions needed for basic octonion processing (with some new code for bi-

octonions):

Beginning the introduction of octonion chains including octonion reduction using the selected triad multiplication

table.
ne214p= (* Some simple octProduct math =x)
In[2215]:= €1 © €3
Out[2215]= €4
In[2216]:= €2 © €3
Out[2216]= €5
In2217]= e1° (ez°e3)

out[2217]= e

el e e e3 e es e e eo 1

Ik

k
Tk
I
-1
_]]J']
~J

—i

1y
-1
~Tk
-k

li

Ti
Iy
-k

Tk

Tk
-k
-1j
i
-l
1
J
-1
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https://arxiv.org/abs/math/0105155
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In[2218]:= €3 © (62 ° 61)

out[2218]= —eg

In[2219]= €g + L o ey

out[2219)= e4 + eq

Implementing Left vs. Right chains and precedence mapping function (f):

| constructed a function f to build the left (L) parenthetical multiplication precedence, which can be reversed by
simply providing a “right>True” parameter to perform the right (R) operations. In addition, it takes a “right—
both” parameter to both reverse the order and the parenthetical precedence. Note the use of the SmallCircle "-"
for doing proper octonion multiplication. While the paper does not show the evaluation of the octonionic multipli-
cation, | do that in order to verify the logic.
ne220;= (* Define the parenthetical reverse nesting with Octonion multiplication table operation o %)

Clearef;
f[in_List, right_: False] := Module[{inFlat = Flatten@in, out = 1},

Do[out = If[right === both, inFlat[1l] cout,

If[right, outoinFlat[l],
Reverse[inFlat] [1]cout]], {1, Length@inFlat}];

Simplifyeout];
Using an example from [2] Generations: Three Prints, in Colour (2014) paragraph “Octonionic Chains”, we
evaluate this function first w/o a defined octonion product table to see the proper parenthetical precedence is
obtained for left and right operations:

in22221= Clear[SmallCircle]
in223;= @ {es, €s, €6+ L0}
out[2223]= e3°(es°((es + ioez)o1))
Redefine SmallCircle and re-evaluate:

ni2z241= SmallCircle[a_, 1] := a;
SmallCircle[1, b_] :=b;
SmallCircle[a_List, b_List] := octonion@octProduct[a, b];
SmallCircle[a_, b_] := If[chksSe@{a, b}, ab, oct2List@eacoct2Listeb];

in222s)= @ {e3, €4, g+ 1L 0ex}
(* or in Mathematica postfix notation as a right to left functor as used in the paper )
{e3, €4, eg +10ey} // f

oute228= —1 + i ey
out2229= —1 + i ey
The associator function:

niz230- associator[a_List, b_List, c_List] := (acb)oc-ac (boc);
associator[a_, b_, c_] := associator[oct2Liste@a, oct2List@b, oct2Listec];

If the associator is zero, it doesn’t show the non-associative property.
In22321= associator[es, es, es]
out[2232]= —2 ey
In2233= associator[es, es, €g]

out22331= 0


https://arxiv.org/pdf/1405.4601.pdf
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From [2]: Generations: Three Prints, in Colour (2014)
The following implements / checks the v identities:

1
In2234}= V = - ; f[{es, €, € +10ey}, True]
1 .
Out[2234]= ) (1+iey)

in2235:= (% Normal Conjugation - only negates i without changing e, *)

*

v

1
out2235]= — (1 — 1
i 12( iey)

in22sel= (* Cross Conjugation -
negates the real compared to normal (or both compared to octConjugation x)

Out[2236]= —— — ——
in2237:= (% octConjugation - negates both i and e, resulting in no change on i e, *)

ie7
out[2237] — + ——
2

2
in223s;= (* No Conjugation Identities x)
1
Simplify[; (1 + ]'1.67) ==V == vov]
out2238]= True
in2239;= (% octConjugation Identities x)
1
Simplify[; (1 +1 e7) == v* == v* OV*]
out22391= True

ini2240p= (% Normal Conjugation Identities x)
Simplify[% (1 - J':.e7) ==v* ==v* °v*]
@ ==vov*==v*oy

out2240]= True

out22411= True

in22421= (% Cross Conjugation Identities %)

In[2243]:= V

out[2243)= —— — ——

n2244= viowv

1
Out[2244]= — 4+ —
2
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inz2451= (* Cross Conjugation Identities x)

outz245]= True

outiz246)= True

In[2247]= VOV

out22471= 0

From [3]: Charge quantization from a number operator (2016)
The following implements / checks the new basis {a1, a2, a3}:
in22481= Clear[a, al, a2, a3]
1 .
In2249]= al = ; (—e5 + Jl.e4)

1 .
Out[2249]= 7 (—es +ies)

in22s50;= (* Normal Conjugation )
al*

1 )
out[2250]= 3 (—es —ies)

n22s51:= (% octConjugation x)
al*

es

ieq
+_
2

out[2251]=

ne2s2;= (% Cross Conjugation x)

a1l
es ie4
out[2252]F — — — ——
2 2

1 .
In[2253]= A2 = — (—e; + 1e1)
2
1 .
Out[2253]= > (—e3+ier)

in22541= (% Normal Conjugation x)
a2*

1 )
Out[2254]= E (—e3—iep)

In[2255]= a2*

3 de
out[2255]= — + ——

2

nose= a2t

e3 lej
Out[2256]z —— — ——

2 2

1
In22571= A3 = ; (—e5+1'1e2)

1 )
Out[2257]= 5 (—es +ien)
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in22ssi= (* Normal Conjugation x)
a3*
: (  €2)
Out[2258]= — (— -
2258 (—es —ie
In2259)= a3*
e ie
Out[2259)= — + ——
2 2
in22s0= o3t
e lLe
Out[2260]r —— — ——
2 2
In[2261]:= Simplify[f@{al, a2} == —]'l.a3t]
Simplify[fe{a3, al} = -ia2']
Simplify[fe{a2, a3} = -ial']
out2261]= True
out2262]= True
out2263]= True
Applying f and octonion multiplication reduces the following to zero:
ni22641= Simplifye {— {aZ*, al}, - {al*, az}}
{—'F@{a2f, al}, —'F@{al*, az}}
é—(liel +e3) ;—(65 —iey)
Out[2264]= L. | )
>(estes) y(es—ier)
outi2265= {0, 0}
ine2esl= {H[1]o#[2]} & /@ {{al, a2}, {a2, a3}, {al, a3}}
{#[1]" o#[2]'} & /@ {{a1, a2}, {02, a3}, {al, a3}}
{ﬂ|11]]: #[2]", #[1] o #[2]", 1¢|I2]]°1¢|I1]]f} &/@{{al, a2}, {a2, a3}, {al, a3}}
ieg _ @
2 72
Out[2266]= %i— %L
e _ i
2772
_o _ ie
272
Out[2267]= —e—i‘L - %5—
Ties—es) —%--% 00
Out[2268]= ;—(ie1—e‘3) —%L—%i 00
Lies—es) —2-% 00
The following implements / checks w identities:
n2269)= (% @ (or is it v) is a negative charge particle that converts up -
down via right multiplication (i.e. W-) =)
w=fe{al, a2, a3}
1 ,
Out[2269]= E(—e7 +1)
inee70p= (% octConjugation )
w*
Out[2270] ¢
ut = — — —
2
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in2271:= (% Normal Conjugation x)
w*

1
out2271]= — (—e7 — )
2

In[2272]:= W

Oout[2272]= —— + —

nee73y= (% @t (or is it v*)is a positive charge particle that converts down -
up via right multiplication (i.e. W+) x)
Expand [w == 0]

out22731= True
_ t t t
In[2274]:= 'F@{al , a2', a3 }

1
out[2274]= > (—e7—1)

In[2275):= V = Simplify[—f@{w, a)f}]

1
out[2275]= 7 (1+iey)

In[2276]:= Expand[—v == f@{w, a)f} == 'F@{a)*, w} == VT]

out2276]= True

In[2277]:= {ToStr‘ing[Subscr‘ipt["2a", #], TraditionalForm] <>
"=" <> ToString[Expand[2 a;], TraditionalForm], Spacer@10,
ToString[Subsuperscript["2a", #, "1t"], TraditionalForm] "=" <>
ToString[Subsuperscript["2a", #, "+"], TraditionalForm] <> "=", Expand[z a;], Spacerel0,
ToString[Subsuperscript["2a", #, "octx"], TraditionalForm] <>

"="<>ToString[Expand[2 a}], TraditionalForm] } & /@Rangee3

2a1=2 a; 2af =2aij= 2e 2a9==-2 ¢,
ou277= | 2a2=2 a2 204 =2a5= 2e 208 ==-2 e,
23=2 a3 204 =2a5= 2e3 208 =-2 e3

neo7er- w' ol & /@ Rangee@3

e3 lej e ey el ie3
-+ b ) }
2 2 2 22 2

out[2278]= {

In22791= agov & /@ Range@3

el les ex les e3 el
out[2279]= {7 - T’ ? — 7, ? + 7}

The following implements / checks the new basis Aq - Ag:
Commutation (x®y) and AntiCommutation (xey)

inj230z;= commutator[x_, y_] := Simplify@Chop[xecy-yox] /. slRep
If[! doClifford,
CircleDot[x_, y_] := commutator[x, y];
derivation[x_, y _J[a_] := (x@y) ®@a -3 associator([x, y, a],
derivation[x_, y_][a_] := commutator[commutator[x, y], a] - 3 associator[x, y, a]] /. slRep;

in2304;= antiCommutator[x_, y_] := Simplify@Chop[xcy +yox] /. slRep;
CircleMinus[x_, y_] := antiCommutator[x, y];

Commutation checks



In[2306]:=

Out[2306]=

In[2307]:=

out[2307]=

In[2308]:=

Out[2308]=

In[2309]:=

Out[2309]=

In[2310]:=

Out[2310]=

6
Z feoct[{i, j}]ofeoct[{j, i}]

i (feoct[{i, j}1 + feoct[{j, i}])

AntiCommutation checks
aleal

0

ale a2’

0

aleal’

-1
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From [4]: (SU (3))cx(SU (2)).x(U (1))yx(U (1)), as a symmetry of division algebraic ladder
operators (2018)

4.3 Quarks and leptons as minimal left ideals (A one generation SM)

From [5] : Three generations, two unbroken gauge symmetries, and one eight-
dimensional algebra (2019)
4.2 Clifford algebraic structure (Mf)

The following visualizes the 0-V to 6-V derived from MTM subsets:

inz4041= gather = GatherBy [Subsets@Range@6, Lengthet &]

Length /@%

123

124
12 122 123 4
P35 a0l 23
Al 3523
sl 3ellr24s
P i as]| P24 12345
23 1256
2 146 12346
U124 ise|l' 24312356

om[2404]:{{{}},4,25,234,1346,12456,(123456)}

2 6 1356
SU{sall23s)| asellt 345
6713 s ;Zg 234 5|2 3456
36((54el]2346
455 cll23s6
46152024506
s6)|3, o|\34ass

356

456

out405= {1, 6, 15, 20, 15, 6, 1}

nz405,= invGather = (Complement[Rangee7, #] & /@#) & /@ gather

456 7
356 7
34567 ;:2; 567
24567(| e ||467
23567(|502 01457
23467(|5, 950|367
2345623427 2367|227 67
14567 347
134567 2357 57
13567 26 7
124567 2347 47
Out[2406]:{(1234567), 1346 7] 25 71 ,(7)}
1235670 3. [[tseTl|,a 037
123467 1 467 27
1234s57)[P23607 45723711
12467, 500167
2457|535 ][t57
12367, 520147
1235 7( e ll137
12347)| 50127
1247
1237
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in2407:= (* Now show these as reduced bi-octonion elements L/R-»Bottom/Top *)
addI = (#)Falsexx)True (*x);

Out[2408]= {(1 -1),

Out[2409]=

In[2410]:=

In[2413]:=

In[2416]:=

Out[2416]=

Out[2417]=

Out[2418]=

Out[2419]=

Table

[{

If[addI && EvenQei, i, e] o f@oct[gather[i, jI1,

If[addI && EvenQei, i, e¢p] o f@oct[invGather[i, j11}, {i, 7}, {j, Lengthegather[i]}] /. o> 1
Reverse[Totale# & /@ %]

(%)

Totale:#&/@%//ColumnForm
Total@%//ColumnFormsx)

iel
ier
ie3
ieq
ies
iee

-2e +2€(,—1
2iex—2ies—41i
2e1+2es+3e7
iei+iex+ies+ies+ies+ies

iel
—iex

ie3
—iey

ies
—ieg

€1

1

e4
e7

—es
es

—es
es
el

€71
€6
€2

€71
€3
€1

ies —leg
—i —i
—ie7 ier
—iey —ies
—ies ies
ies ey
iex —ien
—iey ie3
ie7 ley
—i i
| ier  iey
—i I
—i €l —i €l
—ies —ieg
i€5 —I es
—les —ley
ier —lep
—i —i
—ie7 ier
iex lep

€7

—2ie1—2ies+4iey

—2er—2e3—e7

ie)

—iey
—ies
—ie
—ieg

ie3

—lel+iext+ties—les—les—ies Lel+ier—les+ies—ies—1leg
—2e+2e3-3

iel—iex+ies—ies+ies—ieg

-1

iey

ie4
—ies

ie
—ieg
—ie3

,(e7 e7 )}

Notice that the symmetry of the structure is more complicated than before applying the octonion Product.

Associativity of Composition of Maps

Clear[F, G, H]

F:= 'F@{ez, es, #} /. 'F—)'F'F'F&}
G:=fe{es, #t} /. f-> fff &;
H:= 'F@{€4, €6y €7, 11} /. fo fff &;

{Fe#, Ge#, Hex} & /@ {ep}

f[Flattene%] /. f » fff
f[Flatten@%%, True] /. f » fff
f[Flatten@%%%, both] /. f » fff

(es e3
e4
—es

—ey4

—e1)
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nea20;= (% Left to Right =)
((Feep) //G) //H

out[2420]= —e4

nza21:= (% Right to Left x)
Fe (Ge (Heep) )

Out[2421]= —e4
Redefine A & g as functions: A, forn=1-8 g, forn=9-14 (note: similar structure with  factor)

inpea22= Clear[A, A1, A2, A3, A4, A5, A6, A7, A8, g]

n2a23= A[n_, FF_] :
gln_, ff_] :

(**)Total[ (xx)f@{, ff} & /@A, (**)] (*x);
(**x)Total[ (»*)f@{gn, ff} &/@8n(*x*)] (%)

In2425]= (% A1—)—85/2 *)

i
In[2426]:= A1 = ; {{e1, es}, -{e3, €a}};

Aleff_ := A[1, FF];
Aleep /. f - fff

€6
out[2428]= ——

2
n2420= (% AqgF->v] #*)
neasop= A[1, v] /. F > FFF

1. .
Out[2430]= 4— i(ex+1iep)

In2431= (% A2—>tez/2—>0 *)
In2437]= (% A3—>—e7/2 *)

In2443]= (% A4—>te3/2->0 *)
In[2449]= (% A5—>—el/2 *)

In2455):= (% A5—>t65/2—>0 *)
In24611= (% A7—>$e4/2->0 *)
In[2467)= (% Ag—)—€7/2 *)

In2473)= (% g9—>—es/122 *)
In24791= (% g19->+ez/122 *)
Inf2485]= (% g11—>+e3/122 *)
In2491]= (% g12—>+e1/122 *)
In24971= (% g13->+35/24 *)

In[2503= (% g14—>+e4/122 *)

Three generation particle models
Redefine raising & lowering operators {a1, az, az}asfunctionsofn=1-3andf
Define SU (1) Qas afunctionof a,n=1-3andf

in2s211= Clear@sulQ;

3.1
In25221= SU1Q <= Z; 'F@{aif, ai, 11} &;

i=1
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nes23= sulQ@eq /. £ » FFF
%T
%%*

1. ,
Out[2523]= 7 i(e7 +1)

1 i e7
Out[2524]= — — ——
2 2
1 iey
Out[2525] —— + ——

In2526)= SULQ@eq
Simplifye%

1 j 1 1 j 1 1 j 1
Out[2526]= Ef({_%} - %, 7 (—e3 +ier), 34}) + gf({—ez—S - %, 7 (—es +ies), e4}) + 5/({—%6 - %, 7 (—es +ien), 64})

1 1 1 1 1 1 1
ou2s27]- g(f({—zi(el i), sifer ticy). e4}) +f({—5n'(e4 —ies), Sifestics) e4}) +f({—§n'(ez —ie), Si(er+ico). e4}))

In[2528]:= f@{an*, an} /. f - fff & /@Rangee@3
Oup2s26)- {l—u'(e v Sier i), Sice +12)}
ut[2528]= B 7 ) 7 ) 7

Define exp Gasafunctionofj=1-8 - rjandf
nes29:= Clear@G

n25301= Pg = 243
rp=ry,=r3=rz=rs=rg=r;=rg=1.;
G[j_, 'F'F_] e @il AlTFfl +ire su1Q@ff;

nes3s= L rg A1, 1] /. £ » £FF
i resulQ@ey /. f » fff

out2533)= (0. — 0.5 1) eg
out2534]= (—1.+ 0.17) (e7 + i)

nesssi= G[1, 1] /. f » FFf

outi2535]= exp((0. — 0.5i) es — (1. + 0. 8) (e7 + 1))

nsie- Chope{#, G[1, 1] @y G[1, 1], G[1, 1] as' G[1, 1]7'} & /@Rangee3 /. f » fff
1 05Ges—es) 1.(--%)
oupsss | 2 0.5(ier —es) 1 (-5 — %)

3 05(er—es) 1.(-2-%)

Define the 3 generations of quarks and leptons (2014 and 2019 versions)

ins371= Clear [ul, u2, u3, A1A2, AAA5, ABAT7,
ulr, ulg, ulb, u2r, u2g, u2b, u3r, u3dg, u3b,
di23rgb, dir, dig, dib, d2r, d2g, d2b, d3r, d3g, d3b,
vl, v2, v3, el23, el, e2, e3]

in2s3ei= ul@oct_ := {sS[2], Flattene {Total@oct}, sS[4]};
u2@oct_ := {sS[3], Flattene {Totale@oct}, sS[1]};
ud@oct_ := {sS[4], Flattene {Total@oct}, sS[1]};

n2s41= Anm[nm_List] := fex & /@ Flatten[{nm}, 1];

nes42i= (% ulr construction / deconstruction x)
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ni2s43= -1 Ag {-1, 1} // StandardForm
Anm[-1 Ag] {-1, 1}
Totale% /. f » fff

Out[2543]//StandardForm=

{-2--31 (% 3]

et (A SH AL )

€5
Out[2545]= ——
2

inesa6= Ay {-1, 1} // StandardForm
Anm[a;] {-1, 1}
Totale% /. f » fff
Out[2546]//StandardForm=

(55 -2 4 )

Out[2547]= {—f({ﬂ'%, %}) ( % %}

€4
Out[2548]= —

In25491= AGAT7 = (Anm[—iAs] +Anm[A7]) {-1, 1}
% /. f-> fff
Totale%

o [ A A D )

es es ey es
Out[2550]= {— + —, —+ —}
4 4 4 4

out[2551]= — + —
2

Use this change for 2014 u1 R-G fix:

ni2ss2= ABAT = (xx)=2(x)1#%) (i Anm[Ag] + Anm[A7]) {-1, 1}
Expande% /. f -» fff
Totale%

Out[2552]= {2 (/({ i%, %}) + lf({ i%’ %}))’ -2 (”/({ E.%’ ?}) + /({ E.%’ %}))}
Out[2553]= {—62—4 + ?, —62—4 + %}
Out[2554]= —eq4 + I €5

inesssi= (% ulg construction / deconstruction x)

inessel= 1 Agq {1, -1} // StandardForm
Anm[i Ag] {1, -1}
Totale% /. f » fff

Out[2556]//StandardForm=
{-2.-55 {5 5

s (-2 -2 oA -2)

€3
out[2558]= ——
2
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nessa= As {1, -1} // StandardForm
Anm[As] {1, -1}
Totale% /. f » fff
Out[2559]//StandardForm=

(55 4 42 -5

27 2
Out[2560]= {[({—i%’ _%})’ f( ”32 l€4 )

out25611= 0

In2562):= AAAS5 = (Anm[J'LA4] +Anm[A5]) {1, -1}
% /. - fff
Totale%

e A5 - a5 - S-S -AG )
Out[2563]= {_6_1 — 6—3’ 6_1 — 6_3}
Out[2564]= — —

Use this change for 2014 u1 G-R fix:

nizsesi= ABAS = (x*)2(*)4x*) (Anm[A4] {1, -1} + 4 Anm[As])
Expand[% /. f -» fff]
Totale%

Out[2565]= {2 (f({ %, %}) + if({_?’ B ”;6 })) (E ({ ?}) _f({ ]i%’ ?}))}

es lel ey el
Out[2566]= {— -—, == —}
2 22 2

out[2567]= €3 — i e]
nesesi= (* ulb construction / deconstruction =)

neseor= LA {-1, 1} // StandardForm
Anm[iAq] {-1, 1}
Totale% /. f » fff

Out[2569]//StandardForm=

{3 2h 1551

Out[2570]= {— ({—62—1, —82—5 ), f(

outi2571= 0

ns721= Ay {-1, 1} // StandardForm
Aanm[A;] {-1, 1}
Totale% /. f » fff

Out[2572]//StandardForm= . .
({5 5 5 -5

o (A A2 )

€2
Out[2574]= — )
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nzs7si= A1A2 = (Anm[d A] +Anm[Az]) {-1, 1}
% /. - fff
Totale%

out(2575)= {_ ({_62_1’ _62_5}) _/({_i%’ _i%})’ f({ %3’ 6)2_4}) +/({_%’ _%})}

€2 €6 €6 €2
Out[2576]= {—— - — = —}
4 4" 4 4
€2
Out[2577]= ——
2

in25781= (% ul RGB *)

In2579k= ulr := Ul [AGA7];
ulr
ulr /. f > fff

o o oo ) e A e

Out[2581]= {{s, S+, {2 (—% + %) -2 (2—4 - %)}, {s, S}}

n2ss2l= (% From 2014 paper =)
%[2, 1] ov

out[2582]= —eq4 + L €5
in2583:= Ulg = Ul[A4A5];

ulg
ulg /. f - FFf

o o (12 ) ) 22w

Out[2585]= {{s, S}, {4 (6?73 - %)}, {s, S}}

nseel= (% From 2014 paper =)
%02, 1] ov

out[2586= 0
iness7i= ulb 1= ul[A1A2];

ulb
ulb /. f - fff

o {1 (A A A A )
out[2589]= {{S, S, {—62—2}, {s, S}}

in2s90r= (% From 2014 paper =x)

%[2, 1]ov
e ieg
Ou[2590]= —— + ——
4 4

in2591:= (% u2 RGB *)
in26041= (% U3 RGB %)

in6241= (% d1 RGB %)

ine2si= d123rgb@oct_ := (*)Row@x*) {sSS[2], Total@oct, sS[1]};



In[2626]:=

Out[2627]=

Out[2628]=

In[2629]:=

Out[2629]=

In[2630]:=

Out[2631]=

Out[2632]=

In[2633]:=

Out[2633]=

In[2634]:=

Out[2635]=

Out[2636]=

In[2637]:=

Out[2637]=

In[2638]:=

In[2651]:=

In[2664]:=

In[2665]:=

Out[2666]=

In[2667]:=

Out[2668]=

Out[2669]=

In[2670]:=

Out[2671]=
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dir :=d123rgb[{{ fe@({ei, €2, e} - f@{e3}}, - {fe{ei, es, es} +if@{ei}}}];
dir
dir /. f > fff

{{s, S}, {/(er, e2, es}) — f(er, e4, esh) — i f{er}) — f{esh}, {s”, S}}
{{s, S}, {—es —ie}, {s7, SH

(*» From 2014 paper =*)

%02, 1] ov

—e3—1lel

dig :=d123rgb[{{ fe@{es, €3, es} +f@{es}}, i{-fefer, e3, es} +f@{es}}}];
(* ~u3r =x)

dig
dig /. f - fff

{{s, S}, {f(e1, e3, ea}) + i (f({ea)) - f({er, e3, es])) + f({esh}, {s”, S}}
{{s, $7}, {0}, {s*, S}}

(*» From 2014 paper =*)
%02, 1] ov

0
dib :=d123rgb[{- {f@{e1, €2, es} + f@{e1, €1, €6}}, 1 {f@{e1, €5, 6} -T@{e1, €2, €2}}}1];

dib
dib /. f - fff

{{s, S*}, {=fUe1, ez, es}) — f(e, ea, es}) + i (f({e1, es, es}) — f({e1, ez, ea}))}, {s*, S}}
{{s, $*}, {0}, {s*, S}}

(* From 2014 paper x)
%[2, 1]ov

0

(» d2 RGB x)
(* d3 RGB =)
(¥ v %)

vl := (*)Row@=xx) {sS[1], Totale {{1}, i {f@{ei, e3} +f@{ez, e} +T@{e4, es}}}, SSM1N};
vi/. - FFf

{{s*, S}, {1 + 3 ier}, {s*, S}}

(*» From 2014 paper =*)
vl := (*)Row@x%*)
{sS[11, {1+10.}, sS[11};
vli/. f- fff
%[2, 1] ov

{{s*, S}, {1. + 0.4}, {s*, S}}

0.5+(0.+0.50)e7

(* -
vl %)

v2 := (*)Row@xx) {sS[2], Totale{{3}, -i {fe{ei, es} +f@{ez, €6} +f@{es, e5}}}, sSI2]};
v2 /. f o fff

{{s, §7}, {3 -3 ier}, {s, S}
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In[2672]:=

Out[2673]=

Out[2674]=

In[2675]:=

Out[2676]=

In[2677]:=

Out[2677]=

In[2678]:=

In[2695]:=

In[2696]:=

In[2697]:=

Out[2697]=

(*» From 2014 paper =*)

(* ~
vl %)

v2 := (*)Row@x#) {sS[2]], Totale{{fe{ei, e3} +f@{es, es} +T@{e4, €e5}}}, sS[21};

v2 /. f- fff

%[2, 1] o v

{{s, $7}, {3er}, {s, S7}}

3er _3i

2
(* -
dib x)

v3 := (*)Row@*x) {sS[3],
Totale{- {f@{e1, ez, es} + f@{e1, €1, €6}}, - 1L {f@{e1, €5, €6} + f@{e1, €2, €2} }}, SS[41};
v3 /.
f-
££F

{{s”, $7}, {24}, {s, SY}

(* From 2014 paper =*)
%[2, 1] ov

—e7+1

(¥ v %)

Define SU(3) Q to match the action in egs. 19, 22 and 23

While I've tried many variations, this one is simply based on the position in the list of sS conjugate combina-
tions (given the leading sS pair in the defined particle.
su3Qen_ := Module[ {in = n[2],
pos = position[sS, n[1]]},
pc3>s’ nL, 17} (+) /.
{s—»i (f@{in}+’;— (—f@{e7,in}+f@{€1, e3,in}+f@{e,, es,in}+f@{es, es)in}) ) s
s-»f (f@{in}+‘;—(-f[{e,,in},True]+

(*%)Simplifye (+#) If[pos === {}, in, {(**)d, (*=)

fl{e1, es,in},Truel+f[{e;, €s,in},Truel+f[{es, es,in},True]))}x#)]];
This works for the example givenin utr,

but | can'tfigure out how to make it work across all flavors and generations given their particle
definitions above. My confusion seems to be around the proper use of ther sS components.

Do an example, showing the decomposition of sS and show su3Q taking u1r as input (with and without evaluat-
ing f):

doConjugate = True;
ss/.{s~ % (f@{in} +;1— (-fe{es, in} + f@{e1, e3, in} + fe@{es, e, in} + f@{ey, es, in})),
S - % (f@{in} +§ (-f[{es» in}, True] + f[{e1, e3, in}, True] +
£[{es, €, in}, True] + F[{es, es, in}, Tr‘ue]))} /. {in> 1, f > fff}

T(l—ier) g(ier+1)
Tier+D L1-iep
y(—ien F(l-ie)

Ter+1) LGer+1)



In[2698]:=

Out[2698]=

In[2699]:=

Out[2699]=

In[2700]:=

Out[2700]=

out[2701]=

out[2702]=

In[2703]:=

out[2704]=

In[2705]:=

Out[2706]=

In[2707]):=

out[2707}=

Out[2708]=
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Roweulr

(5 ) A5 52 (A ) AT 5 e s

ulrf2, 1] /. f » £ff
2(_6_4+&)_2(6_4_&)
4 4 4 4

Expand@g {fe {sS[#, 1]}, f@ {sS[H#, 2]}} /.
{s- % (-F@{in} + % (-fe{es, in} + f@{e1, e3, in} + f@{es, e, in} + f@{ey, es, in})),

S - % (f@{in} + i (—'F[{e7, in}, True] + f[{e1, es3, in}, True] +

fl{es, €6, in}, True] + f[{es, es, in}, Tr‘ue]))} /.

{in »> ulr[2, 1] /. f » fff} & /@Rangee3
% /. f - fff
Expand@Total[Total /@ %]

AU (% )2 (5= )+ 1l 2 (5 )2 (5= ) el e, 205 5) =205 = )] s e 25
AU (5 - 9)-2( - )+ )23 - )+ Slen o0 25 - ) 205 - 5] e e 25
)2

LR )2 (5 - )+ 2

t(-es—ies) O

e
|
=
= .

e, e6, 2 (5 -

2 ..
Fes—es) O
—eq4—les 0

2i€5
3

—Des—

doConjugate = False;
su3dQeulr[2, 1]

2[5 A )

doConjugate = True;
su3Qeulrf2, 1]

2[5 A )

From the 2014 particle model in [2] show commutation action for UTIR->U1G with
octonion multiplication

Cohl doesn't explicitly reduce the octonion elements via octonionic multiplication here, but does reduce them via
common identities. Here we process the manual reduction of the color changing action of A;[v] ©ulr == voulg
shown in egs. 20 & 21 of [2], and then show the commutation directly.

So here we replicate the identity reductions, but also process each step with octonionic multiplication without the
%

{-ife{es, es, €1, 2}, -f@{e1, €5, €1, €6}, +f@{e1, €5, €2, €3}, +1 f@{e1, €5, €3, €6}} /. f» Fff
Totale%

(—ies, —e1, —e1, —ies}

—2e1-2ie3
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n2roo)= {+1 Ff@{es, e, €1, €2}, +f@{es, €4, €1, €6}, ~F@{es, €4, €2, €3}, -1 f@{es, €4, €3, €6}} /. > Fff
Totale%

out2709= {—i e3, —e1, —e1, —i €3}
oute710]= —2e; —2ie3

ne7ip= {+1 f@{e1, €2, €1, es}, +f@{e1, €6, €1, €5}, -f@{e2, €3, €1, €5}, -1 f@{es, €6, €1, €5}} /. f > Fff
Totale%

ou711= {—ie3, —ei, e1, i e3}

oute712)= 0

n27isy= {-1 f@{e1, €2, €3, s}, —-f@{e1, €6, €3, €1}, +f@{e2, €3, €3, €4}, +1f@{es, €6, €3, €4}} /. f > Fff
Totale%

out2713= {i e3, e1, —e1, —i €3}
outie7141= 0

ne715= (% Last reduction in eq. 20 x)

Expand@Total[% {%%%%%%% , %%%%%, %%%, %} |
oute715]= 2e3 —2iey

ne7ie= (* Last reduction in eq. 21 &)
i {]'].'F@{ez, 65}_, —'F@{es, 66}, —'f:@{ez_, 84}, —]'l'F@{e4, 85}} /. - fff
Totale%

out2716)= {e3, —ie1, —ie1, €3}
oue717]= 2e3 —2ie;

The above reduction did not apply the final °v. If we do that drives the result to zero.
In[2718]:= %0V

outie718)= 0

Now we perform the commutation action in one step (A1[-v']@u1rl[2,1], notice the use of - v* not v, which
would drive the result to zero).
There is also a factors of 2 that is related to the change in basis from 2014 to 2019. Then compare it against
u1g and the result from the manual decomposition above:
n27191= (% %)
Expand[2 (A[1, -V'] /. f > fff) © (ulr[2, 1] /. f > Fff)]
Expand[2 ulg[2, 1] /. f » fff]
Expand [% == %% == %%%%]
oute719= 2e3 —2iel
oute720)= 2e3 —21ie]

outz721)= True

Now test the reverse action (A1[v]ou1gl2,1], for which we need to use v (not -v" as above) which would drive
this result to zero):
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in27221= (% ul GoR #*)
(A[1, v] /. f > £ff) © (ulgl2, 1] /. f > fff)
ulrf2, 1] /. f » £ff
Expand [% == %%]

out[2722]= —e4 + L €5

out[2723]= 2 (— e + E) ] (6_4 — E)
4 4 4 4

out2724]= True
Moving on, we now build the machinery to perform these commutations across the SM particles:

ne725= (% Function to output the action with input values of A,v and the bioctonion particle =x)
doAction[ag_, particle_] := Expand[(Ag /. f » £ff) © (particle /. f » fff)];

in27261= (% Ul R-G #*)

in27271= doAction [A[l, —v*], ulrf2, 1]]]
ulgf2, 1] /. f » £ff
Expand [% == %%]

out2727= e3 — i ey

(63 ie )
out728= 4| — — —
4 4

out27291= True
in2730r= (% ul GoR %)

ine73t:= doAction[Al[ v], ulg[2, 1]]
ulr2, 1] /. f » fff
Expand [% == %%]

out[2731= —e4 + L €5
ey ies es les
out[2732= 2 (— — 4+ _) -2 (_ — _)
4 4 4 4

out2733]= True

Function to output the action across SM particles with a string input identifying Ap.
I need more information on the flavor and color transformations involved in A\,

but this helps deduce that by trying various combinations.

ne73ai= (* Define the list of particle flavors x)
flavorList = FlattenepTypeList[ ;; 2]

ou2734= {e, v, d, u}

ini2735;= doSMaction@in_ := Column[Table [Column[Table[Row[Table[
inExp = ToExpression@in;
prt = ToExpression[flavorList[flv] <> ToStringe@gen <> If[flv > 2, rgb[col], " "11;
sprt = ToString[
Subsuperscript[flavorList[flv], gen, If[flv > 2, rgb[col], " "]], TraditionalForm];
ssprt = Style[sprt, Bold, Red];
(» skip color iterations on leptons x*)
If[flv < 3& & col > 1, Nothing,

Column|[ {ssprt, Rowe {sprt<>"= ", Rowe {Expandeprt[2, 1] /. f » fff}, " "3},
Rowe@ {in<> "@" <>sprt<>"= ",
doAction[inExp, prt[2, 1] /. f » fff], " "}}, Center]],

{col, 3}11,
{flv, 4}], Center],
{gen, 3}], Center];
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In2736]:= (* ul R-G =*)
doSMactione"a[1,-v']"

€
e;= —3es—ie
All,~V'Ge;= —2es—2ies
Y1
vi= 1.+0.7
All,=v]ov= 0
dj df dy
di= —es—iel di= 0 d= 0
AllL,=V]odi= —es—ies A[l,—v]odéi= 0 A[l,—v]odi= 0
u uf ub
uj= -es+ies uf= e3—ie up= -%
AllL=V]oui= es—ier  A[l,~v]oui= 0 A[l,~v]ouw= %
€
&= 2e+2ie
All,-V]0e,= 0
V2
v,= 3e7
Al ]ov= 32 - e
Out[2736]= d; d% dlz)
h= 2es+2ier ds= 2e7+2i A= —2es-2ies
AllL,=V]od= 0 A[l,—V]odi= ex—ies A[l,—V]0d3= 2e1 +2ies
uj U§ u‘z’
uy= —eq+ies us= e3—ie w= -%
AlL-v]ou= es—ier  A[l,-v]ou§= 0 All,-V]ow= %
€3

€= 265+2i€4
All,~V'|Ges= —2e1—2ies

V3
vi= 21
All,=-V10r= 0
d; dj L
di= 0 d§= 0 A= es+ie
All,=V]odi= 0 A[l,-V]od= 0 A[l,—V]od= es+ies

uj u§ u3
u= 0 u§= —e3—ie w= 0

AllL,L=V]ous= 0 A[l,—V]0u§f= —es—ies A[l,—V]Ouj= 0
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Visualize the entire family of flavors across 3 generations (2014 version)

These show the unevaluated form as well as the octonion reduced form, with the unevaluated (string form) show-
ing the appending of “cv” along with the evaluation of that:

ne737- doSM14 : = Column[Table[Column[Table[Row[Table[
prt = Expand [ToExpression[flavorList[flv] <> ToStringegen <> If[flv > 2, rgb[col], " "111;
sprt = ToString[
Subsuperscript[flavorList[flv], gen, If[flv > 2, rgb[col], "
ssprt = Style[sprt, Bold, Red];
sprtl = ToString [Expand [prt[2, 1]], TraditionalForm] <> " ";
sprt2 = ToString [Expand [prt[2, 1] /. f » fff], TraditionalForm];
sprt3 = sprt <> "ov="<> ToString[Expand|[ (prt[2, 1] /. f » fff) ov], TraditionalForm];
(» skip color iterations on leptons =*)
If[flv < 3&& col > 1, Nothing,
Column|[ {ssprt, sprti, sprt2, sprt3}, Center]],
{col, 3}]],
{flv, 4}], Center],
{gen, 3}], Center];

“11, TraditionalForm];

in2738:= doSM14

ferseasesh +lfrsesnes) - sl ) ~s(fes)
“3ey-ie
ejov=—2e; ~2ie,

yov=05+ 10 L 05he;
df day dp
/’((5\vﬁv%))'/‘((ﬁﬁ{ﬂ)‘l (e ~rlesh)  rlfersessea)) = isllersesses)) + irllea) +r(es)  =ifllersexses)) ~Allers erses)) = fllerseases)) + if(ersesq))
dy <>v=3—e3 Jxe, ng':“ dl;o[iv:o
" °f o _es iey. u*u‘f iey _ies) e ey
28, o) i, ) - 2ar{f e ) -2 ) g e 2 25 2, ) 2 i) TS A ?);f({* sl )
IR o -

Hllersezves) + iflfer. 3. ea)) + flfes)) + Alfe))
2eq+2ie
eyov=2eg +2iey
V2
fer-es)) +/({exs e6)) +/(fess es))
3e;
rpovaien 3

Out[2738]= a o W
fller-exes)) +if(fer esoes)) + if({ea)) +/(fes))  =if(fererea)) =/(ler: erves)) +/(fer eq e6)) = if(feres.eq))  Slleresseal) = if(fer. es.es)) = if({ea)) =/ (fes))
2eq+2ie; 2e;+2i ~2es - 2ie,
diav:bz e +2ie d;w:() dgov=—2e5 - 2 &
uh
up ug y r
.l ) 2o ) ) 2o el ) - i) IS A ) )
ey +ies ey—ie T2
ubov=—c, +ies ugev=0

dag

€3
Slerseseal) +ifller e, es)) +if(fea)) +1({es})
Qes+2iey
eyov=2es +2iey
3
=if(fer-ez.ea)) = /(fer. 2. es}) ~/({er. ea. e6}) — i/ ({er. es. e6})

2i

vyov=—e; +i

dg dy

—iflfer. ezrea)) + llers exnes) +fller.esneq) +iffersesiesl)  Slereares))+iflfer.es.eq) ~irfen)) ~Alles))  /Uer-easeel)=1(ferseares)) + irller)) +7(es)

dgev=0

ug

ey tie)
dger=0 dyov=es +ie,

ug uf

e enea) + ineresves) - er(esh)+ les) M- exeesh sl eaesh = irllen) +1es) ~plfer,ex.ea)) +is(fer. e e - inea) ()
0

ugev=0

—e3—ie

ugov=—e3 —ie| ufov=0
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Visualize the entire family of flavors across 3 generations (2019 version)

These show the reduced octonion structure with pre/post sS, the Q based on the sS used (not sure if this is what
is intended), as well as the the unevaluated (string form) showing what | assume is the commutation structure of
egs. 19, 22 and 23 action to derive proper charge Q (which doesn’t seem to work at all). | need clarification on how
this is supposed to operate (maybe more examples):

in27391= doSM := Column[Table[Column[Table [Row[Table[

prt = Expand[
ToExpression[flavorList[flv] <> ToString@gen <> If[flv > 2, rgb[col], " "1] /. f » fff];

sprt = ToString[Subsuperscript[flavorList[flv], gen, If[flv > 2, rgbcol], " "11,
TraditionalForm];

ssprt = Style[sprt, Bold, Red];

sQ = su3Qeprt;

sQ1 = "Q=" <> ToString[sQ[2], TraditionalForm];

sQ2 = ToString[Row@sQ, TraditionalForm] <> "®@" <> ToString[prt[1, 2], TraditionalForm] <>
sprt <> ToString [prt[1, 1], TraditionalForm] <> "=";

sQ3 = "i (" <> ToString[sQ[2], TraditionalForm] <> ToString[Row@prt[1], TraditionalForm] <>
"@" <> ToString [Row@prt[1], TraditionalForm] <> sprt <>
ToString [Roweprt[3], TraditionalForm] <> ")=";

sQ4 = ToString[Row@sQ[ ;; 2], TraditionalForm] <> sprt;

(= skip color iterations on leptons =)

If[flv < 3&& col > 1, Nothing,

Column| {ssprt, Roweprt, sQl, Rowe {sQ2, sQ3, sQ4, " "}}, Center]],

{col, 3}11,

{flv, 4}], Center],
{gen, 3}], Center];
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in27401= doSM
€
{s, S*H-3 ez —ie{s*, S*}
Q=3
i35O5 e s=i(355" OsS e s°S")=i 3o,
41
{5, SH1. +0.i}{s", S}
Q=1
12;—s*QSvls*zzZ(;—s*Ses*Svls*S)zi;—vl
dj df dy
{s, S"H{-es —ieils, S} {s, S"HOMs", S} {s, S"HOHs™, S}
Q=3 Q=3 Q=3
i3508"dis=i(3s8'0sS"dis*S)=i3d] 2508 dfs=i(s5°OsS dfs*S)=i2df  iZs0OS ds=i(sS OsS dvs S)=iZd}
uj uf u}
{s, S*}{—es +ies{s, S} {s, S"Hes —iei}ls, S} {s, SH-%MHs, S}
Q=3 Q=3

2 2
=3 Q=%

i35S us=i(3s5°OsSUs)=i3]  i3sOS ufs=i(3sS OsS ufsS)=izuf ;2508 uls=i(2sS OsS ulsS)=i2u}

)
{s, S"M2 e + 2 i e2}{s*, §*)
Q=3
i35O5 ey5=i(355" 058 eps"S)=i 3¢,
V2
{s, S‘H3 er}s, §*}
0=3
w270 2508 V25=i(355* ©sS"v,58")=i 3V,
db a3 db
s, SH2es + 2iealis”, S) s, $)2e7 + 2dls", 5) {s, S'H-2e5 = 2iealls”, S)
Q=% Q=% Q=%
i2508 dys=i(2s5° 058 dss*S)=i2ds 2508 ds=i(2sS OsS dss S)=i2d§  iZsOS dis=i(2sS* OsS s S)=i 1}
u} u uj
{s*, S*H—es + ies}{s*, S} {s*, S*"Hes —ier}{s*, S} {s*, S*}{—%L}{s*, S}
Q=1 Q=1 Q=1
ils'O8 uhs*=i(15"S" 05" S uys"S)=iluh  ils*OS uis =i(1s"S"Os"S"uss"S)=ilv5 15+ OS uhs =i(1s*S* Os* S ubs*S)=i1u}
€3
{s, S"}2 es + 2iea){s*, §*)
Q=3
ig—sOS*e}v:i(g—sS"@sS"e3s*S*):i%e3
V3
{s*, SH2 ils, S}
Q=1
i15*OS* V35 =i(15*S*Os*S*v358)=ilvs
d ds i
{s, S*HOHs, S} {s, S*HOHs", S} {s, S*"Hes +ie1l{s*, S}
Q=3 Q=% Q=%
3508 dis=i(35S"OsS dis )=izdy 25O d§s=i(25S°OsS dis"S)=i2d  is0S dhs=i(%5S* @5 s S)=iZd}
uj uf uj
{s, SHOMs*, S} {s, SH—es —iei}{s*, S} {s, SHOMs*, S}
Q=3 Q=3 Q=3

i$5OSuss=i(5SOsSuss S)=itul  itsOSufs=i(1sSOsSufs S)=itu§  isOSuls=i(tsSOsSulsS)=idu}
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In[2741]:=

In[2742]:=

Checking all SM particle color and flavor changing actions (e.g. A,[v] ©®u1Q)
using 4 forms of Ap_1_g and gn_g_14 (i.e. Withf > v, i v, v", v7)

The output is extensive and given my open questions on the formalism presented, the accuracy likely deviates
from the intent of [5], but it is interesting to show how everything transforms. If no transform is found for a particu-
lar action, it outputs an * for that action. If a color or flavor changing transformation action is found, it identifies that
action with the list of particles the transformation applies to. Note: it only identifies a transformed particle if the
source particle has a non-zero reduced value and the resulting match is exact (red) or a tinteger factor of that
particle (blue).

Aglist = {“V“, "4 V“, “v*ll, llyfll};

(» This generates a list of particle reductions
used to compare color and flavor changes against x)
1istSM = Flatten|[Table[Table[Table[Table[
prt = ToExpression[flavorList[flv] <> ToStringe@gen <> If[flv > 2, rgb[col], " "11;
(* Conjugate if anti=True x)
If[anti, prt = prt’];
sprt = ToString[
Subsuperscript[flavorList[flv], gen, If[flv > 2, rgb[col], " "]], TraditionalForm];
If[anti, sprt = sprt];
ssprt = Style[sprt, Bold, Red];
(* skip color iterations on leptons =)
If[flv < 38&&col > 1, Nothing,
{sprt, Expand[prt[2, 1] /. f » fff]1}],
{col, 3}],
{flv, 4}],
{gen, 3}],
{anti, {False, True}}], 3]
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up 0
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V3 21

g 0
& 0
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uj 0
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u} 0
? iel -3 e3

outerazi= | V1 1. +0.4

dj iel —e3
df 0
db 0
E —eq4 — 1 es

uf  iel+es

b e
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vy 3e
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V3 -21i
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nez7431= (% This checks one non-zero reduced commutation result (e.g. A,,[v]oulg) against all of the non-
zero reduced particle values generated in 1isSM x)
chkRes@res_ := Module[{res2, poslp, pos2p, pos3p, poslm, pos2m, pos3m, pos3pos, pos, posl, fl},
(*» Generate the postion lists for each comparison =)
res2 = Numeratore# & /@ Simplify[ (x*)res];
poslp = Position[listSM[All, 2], Expand[1l res2]];
pos2p = Position[listSM[All, 2], Expand[2 res2]];

pos3p = Position[listSM[All, 2], Expand[3 res2]];

poslm = Position[listSM[All, 2], Expand[-1res2]];
pos2m = Position[listSM[All, 2], Expand[-2res2]];
pos3m = Position[listSM[All, 2], Expand[-3 res2]];

fl = {posip, pos2p, pos3p, posim, pos2m, pos3m};
pos = DeleteDuplicates@Flattenefl;
posl = DeleteDuplicates@Flatten@posip;

(» If the input is not zero and there was a position found,
output that particle - color code for red as exact match and blue is a tinteger factor )
If[res =!= 0&& Lengthepos > 0,

Style[{listSM[Flattene@pos, 1], res},

If[Length@poslp > 0 && MemberQ[listSM[[posl, 2], res], Red, Blue]],
Style[{"*", res}, Black]]];

ne744p= (% This generates all of the possible combinations of color
and flavor commutations across the SM and lists the checked results =x)
doSMactionAll = Module[{pr‘t, sprt, ssprt, pos, res, in},
Column [Table [Column[Table[Column|Table RoweTable[
prt = ToExpression[flavorList[flv] <> ToStringegen <> If[flv > 2, rgb[col], " "]11;
(* Conjugate if anti=True x)
If[anti, prt = prt’];
sprt = ToString[
Subsuperscript[flavorList[flv], gen, If[flv > 2, rgb[col], " "]], TraditionalForm];
If[anti, sprt = ToString[sprt, TraditionalForm]];
ssprt = Style[sprt, Bold, Red];
(» skip color iterations on leptons =x)
If[flv < 3&& col > 1, Nothing,
Column| {ssprt,
Rowe {sprt <> "= ", Rowe {Expandeprt[2, 1] /. f » fff}},
MatrixForm@Join|[
Table[in = "A[" <> ToString[#] <> "," <> Aglist[ag] <> "1";
res = doAction[ToExpression@in, prt[2, 1]];
Rowe {in, chkRese@res},
{Ag, Lengtheaglist}] & /@Range@8,
Table[in = "g[" <> ToString [#] <> "," <> Aglist[agl<>"1";
res = doAction[ToExpression@in, prt[2, 11];
Rowe {in, chkRes@res},
{Ag, Lengtheaglist}] & /@Range[9, 14]]}, Center]],
{col, 3}] )
{flv, 4}], Center],
{gen, 3}], Center],
{anti, {False, True}}],
Center] |
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IX. Addendum : Towards a complete description

Working with Quaternions
n2r4si= Y1 = Lex; y2 = Teas w3 =Tes; ya=Tea; ys=Tes; ve=1Tes; ¥7=1T€75 ¥s=7Te7; ¥o = Key;
inz746:= ToQuaternione@y; & /@ Range@9

outiz746=  {Quaternion(0, e1, 0, 0), Quaternion(0, ez, 0, 0), Quaternion(0, ez, 0, 0), Quaternion(0, e4, 0, 0),

Quaternion(0, es, 0, 0), Quaternion(0, es, 0, 0), Quaternion(0, e7, 0, 0), Quaternion(0, 0, e7, 0), Quaternion(0, 0, 0, e7)}

n7471= FFF@ {¥1, ¥25 ¥35 ¥as ¥ss ¥es ¥7}

out[2747]=

nz74s= ToQuaternion [fff@ {¥1, ¥2, ¥3, ¥as ¥ss ¥es ¥71}]
ToQuaternion@ys
%% ** %

outiz748)= Quaternion(0, 1, 0, 0)

outiz749= Quaternion(0, 0, e7, 0)

outiz750)= Quaternion(0, 0, 0, e7)

nezst= FFF@ {¥1s Y25 ¥3s ¥as ¥ss Y65 Y7} %% ¥s
out27s1= K e

nz752= Table [y, © yms {N, 8}, {m, 8}]

200000 0 0
020000 0 0
002000 0 0
000200 0 0
CEETE L0 00020 0 0
00O0O0O0?2 0 0
00O0O0O0O 2 -2iJ
000000 —2iJ —2J?
The Setup for Multi — Actions
In2753)= Pq = % (1—79)

1
Out[2753]= 7 (1-Ke7)

N |-

In27541= Py = (1 + 79)

1
out[2754]= 5 (Ker+ 1)

nzrssi= mifa_, b_] := )" (F@{Ps, a} xx f@{Ps, b} + f@{Py, b} xx fe{Ps, a'});

'M“

.
n
=y

fifa_, b_]: (f@{Pi, a} »» f@{P;, b} + f@{P;, b} »x fe{P;, d});

'M“

.
n
=Y

1
n2rs7- mtfa_, b_] Z (fe{Ps, a, P;, b} + fe{P;, b, P;, a'});
1

.
n

fifa_, b_] : (fe{Pi, a, P;, b} + fe{P;, b, P;, d});

'M“

[
1}
=y
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In27591= Mt [v, b]

out27s9l- f({;—(l —Ker), b, %(1 —Ker), —%— 'i%})Jrf({%(l —Ker), %(1 +ie), %(1 —Ker), b})

in27e0;= Mt [v, w]

1 1 1 1 1 1 | 1
ou27601- f({z(l ~Ken), 5 (er + i), 2 (1 —Ke), — - %}) +f({5(1 ~Ken). 3 (1+ien, = (1=Ken, (e +1i)})

ne7el= % /. f o> FFF

Ou2761)= 11—6((—3+2zz)1<2e3 +3Kes-(3-20Kes—(3-20)Kes-2-i)Ker+B+i) K>+ 3K+ (3 -2i)Ker +
BK+(B-2i)Ker+3Kes+(3-2i)Kes+3Kes+3Kes+(3+3i)Ker +(4— i) K+2e7-2i)+
11—6((3—21')1@63 —3K*es+(3-20)K’es+(3-20)K e+ 2 - K er— B+ K>+ (-3K-(3-2i)Ke1 +
(-3K-(3-2i)Ker—3Kes—(3-2i)Kes—3Kes—3Kes— (3+3i)Ker —(4—i) K—2e7 +2i)
ine7621= Simplify@%

out27621= 0

n2763:= M[v, @]

1 1 1 I 1 11 1 .
ou27631= {5(1 ~Ken), 5 (=er i), 7(1=Kep), =1 +ﬂe7)} +f({5(1 ~Ken). 3 (1+ien, (1= Ken, (e +u)})



